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        	Foreword to the English Edition
      

    

  


  
    It was with great enthusiasm that I agreed to compose this foreword for the second edition of Polymer Processing: Principles and Modeling (P3M-2). In 1994, when I arrived at the Mechanical Engineering Department of the University of Wisconsin ‒ Madison, it was Professor Tim Osswald who introduced me to teaching from the first edition of this book (P3M-1). I then taught the introductory course on polymer processing from P3M-1, twice a year, for years to come. My senior elective course classroom was well populated by students from the departments of Mechanical Engineering, Chemical Engineering, and Materials Science and Engineering. P3M-1 was a student favourite for its readability and its expert use of terms with plain meaning, wherever possible. I used this first edition until, disappointingly, it went out of print.


    P3M-2 expands on P3M-1 from 6 chapters to 10, and P3M-2 is reorganized, now opting to cover rheology in one consolidated second chapter rather than postponing viscoelasticity until Chapter 6. This expansion and reorganization are clever improvements. I am pleased to report that Chapter 2 retains a clear explanation of the Jaumann derivative, making Chapter 2 a gem. I see that the writing style still employs terms with plain meaning, wherever possible. Undergraduate students, the hardest to please, will enjoy this book.


    Each chapter is designed pedagogically to sets students free to solve a broad class of relevant problems, as it should. For instance, Chapter 7 on injection molding equips students to solve time-unsteady processing problems, Chapter 5 on single-screw extrusion enables students to attack problems with non-obvious coordinates systems, and Chapter 8 on calendering teaches students how an apparently complicated process geometry, cleverly chosen, may yield process working equations of remarkable simplicity. In Chapter 6 on twin-screw extrusion, new to P3M-2, we enjoy Vergnes’ special touch, the foremost authority on extrusion, and Chapter 8 on calendering, bears Agassant's signature, who for decades has been the foremost authority on this process. P3M-2 is a translation from the recent French fourth edition [Mise en forme des polymères (2014)] and, as was the case for P3M-1, P3M-2 has the readability of English first language authorship.


    Our world's polymer processing industry continues to grow steadily, to employ and to govern our prosperity and quality of life. Creative polymer chemists and product designers continue to challenge plastics engineers with novel combinations of material and shape. Our need to arrive at solutions to the ensuing manufacturing problems, in a hurry, confidently, and inexpensively, more than ever, requires our plastics engineering community to be well versed in the fundamentals of plastics processing. P3M-2 addresses this need expertly by empowering plastics engineers to create knowledge about plastics processing, and thus, to fill knowledge gaps, as they arise, in our quickly evolving world of plastics manufacturing.


    A. Jeffrey Giacomin, PhD, PEng, PE


    Tier 1 Canada Research Chair in Rheology


    Queen's University at Kingston, Canada

  


  
    
      
        	

        	Preface to the Third French Edition
      

    

  


  
    The viscoelastic properties of long chain molecules are quite extraordinary. Even in a highly diluted solution (100 parts per million), polyethylene oxide drastically reduces the turbulent losses of water. It also allows tubeless siphons to function, as discovered by James in Toronto, which are fascinating objects. The same for molten polymers: in very slow flows, they behave like liquids. In more rapid motions, they behave like rubber and, in flow near walls, they exhibit astonishing slip properties that we are beginning to examine at Collège de France using rather sophisticated optical techniques. All that I briefly described here has major practical implications, in particular for the processing of plastic materials. In injection molding, extrusion, or more sophisticated processes, consistently one has to force the liquid polymer to rapidly adopt preset shapes—which it does not like. Hence the many defects in the final product, such as sharkskin, which is a disaster for the manufacturer of extruded products. Plastics engineering is, therefore, a difficult art, and the authors describe here the basic notions based on extensive experiences, working directly with many manufacturers. Their approach is based mainly on principles of mechanics, but they have incorporated in their first chapters (and a few other places) a useful introduction to the physical underlying phenomena. Of course, this introduction is no substitute for basic textbooks such as that of John Ferry on viscoelasticity, or that of S. Edwards and M. Doi on the behavior of entangled chains. The first edition of this book has already been proven to be quite useful: chemical engineering communities in France and Canada have heavily relied on it. This new version, which is significantly expanded, should be of great service; I wish it great success.


    P.G. de Gennes, Nobel Prize in Physics 1991


    December 1995


    Translated by P.J. Carreau


    August 2016
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        	Introduction
      

    

  


  
    This book is intended for engineers and technicians involved in various sectors of the plastics industry (processing, manufacture, and formulation of polymers; more specifically, the design of plastic objects and equipment), as well as students and researchers in physics and chemistry of polymers, continuum mechanics, rheology, modeling, and numerical simulation.


    The rapid development of synthetic polymers since the 1960s is due to both the excellent usage value of these materials and the considerable progress that has been made in their implementation.


    

    Effective and Innovative Materials


    Contrary to popular belief, we find that the life cycle analysis (LCA) or eco-balance of synthetic polymers is better than most competing materials for the same application. This can be illustrated by several examples:


    
      	
        A glass container (e.g., a bottle) is much heavier than its plastic equivalent: it follows that, for a given volume of content, less energy is necessary for the manufacturing of plastic containers; furthermore, less energy consumption is required for their transportation and distribution, including recycling;

      


      	
        A mailing envelope made of plastic film has a lower energy cost than its equivalent in paper, due to its lower weight and the lower water consumption required for its manufacturing;

      


      	
        A PVC profile for construction is more durable than wood and provides more thermal insulation than aluminum.

      

    


    The advantage of polymers is basically due to their lightness. It is logical that their systematic replacement by other materials would result in increases in energy consumption and, hence, larger CO2 emissions and a worsening of the situation of global warming.


    Polymer processing techniques contribute to good environmental performances of these materials in two ways:


    
      	
        Low consumption of


        
          	
            energy, in particular because the processing temperature (generally below 250 °C) is moderate with respect to temperatures used for other materials, of the order of 1000 °C for glass and metals;

          


          	
            water, relative to paper manufacturing.

          

        

      


      	
        Their ability to integrate functions that often allow us to make a given object in one step processing, whereas it takes several steps for other materials, thus eliminating constraints and assembly costs.

      

    


    However, complaints are regularly raised against synthetic polymers concerning long-term environmental issues (20 years, 50 years, or more).


    Long-Term Concerns


    The issues are twofold:


    
      	
        The consumption of fossil fuels (oil and gas), although plastics represent today's energy content equivalent to only 4 % of oil consumption.

      


      	
        The presence and low degradability of plastic wastes in the environment, particularly in the marine environment.

      

    


    On the first point, there are already resources other than conventional oil and gas that are used, for example, sea or geological salts for PVC production and vegetal raw materials for some polymers such as polyamides, cellulose, and its derivatives. The progressive development of the use of biomass for producing bio-based polymers is possible provided there is no impact on the agricultural food chain. In the long term, beyond the reserves of oil and natural gas that can be used in a larger proportion than today for the production of plastics, a return to carbon chemistry, but with clean technologies, is quite conceivable. It can, therefore, be assumed that the issue of raw materials, which in any case affects all human activities, will be gradually solved based on economic considerations that are difficult to forecast.


    On the second point, the only difficult question about the very long term is that of waste in the oceans. Controlling the spilling of these plastic wastes requires binding international decisions, which are still lacking today. Whether on land, in rivers and lakes, and even on the coasts, it will be possible to strengthen the control of spilling and repair the damage over time. However, this control needs to be combined, of course, with the development of plastic recycling and efficient energy production. An alternative is the use, in very special cases, of biodegradable polymers. However, in spite of real public expectations and of many studies, biodegradable polymers cannot be used in all applications.


    After these considerations on the long and very long terms, let us get to the actual subject of this book: the transformation of polymers from their native conditions such as powder or pellets into semifinished or finished parts.


    Issues of Polymer Processing


    At the processing level, the problems consist in designing equipment and setting processing parameters in order to obtain satisfactory products at the lowest price. Satisfactory products mean:


    
      	
        Desired dimensions and surface finish, taking into account swellings, drawing ratios, shrinkages, and so on.

      


      	
        A physical structure adapted to the desired properties, which, depending on the case, requires a certain molecular orientation, low residual stresses in the part, a specific crystalline structure (size of the crystallites and spherulites), and a specific morphology in the case of blends of polymers or filled products.

      

    


    At the lowest price means:


    
      	
        In general, to produce a minimum of waste or substandard parts and thus to rapidly reach a steady-state operation.

      


      	
        Maximum throughput in extrusion or calendering, and a minimum cycle time in injection or blow molding. In any case, vis-à-vis these objectives, there is an optimum to be found in equipment design (screws, dies, molds) and in the settings of the processing parameters, such as temperature, screw speed, and cooling rate.

      

    


    At the production level of polymer parts, the challenge is to adapt the product to a given transformation process and desired physical criteria, such as mechanical properties, appearance, and so on. For this, one can examine the effects of:


    
      	
        Molecular structure (molecular weight distribution, copolymerization, length and type of branching…).

      


      	
        Formulation (blending of compatible or incompatible polymers, lubricating agents, processing aids, fillers…).

      

    


    Globally, one has to master the relationships between the formulation, rheological behavior, and processing conditions. All of these subjects are parts of the mechanics, thermodynamics and rheology, that is to say the science of flow. These fields are quite vast and only the notions related to polymer processing will be presented in this book. The concepts and models presented are directly applicable to the processing of thermoplastics.


    Processing Stages


    The processing of thermoplastics may involve three distinct thermo-mechanical stages:


    
      	
        The melting stage in which the polymer goes from a solid state as a powder or pellets to a sufficiently homogeneous and fluid liquid state. The term melting covers many different physical phenomena, depending if the polymer is semicrystalline or amorphous. However, in order to simplify the nomenclature in the text, the terms melting and molten state will be used for all polymers.

      


      	
        A second stage, where a specified shape is imposed to the molten polymer by bringing it to flow under pressure into molds or dies.

      


      	
        A third stage, where the final shape or conformation of the finish product is achieved under cooling and eventually drawing, biaxial stretching, or blowing.

      

    


     


    [image: ]


    General polymer processing stages


    The properties of the final part depend not only on the chosen polymer, but also on the thermo-mechanical history of this polymer during processing.


    Logic for Polymer Process Design


    The specific physical characteristics of polymers have led to process designs adapted to these materials.


    Thermal Insulating Character of Polymer Melts


    The thermal conductivity of the polymers is of the order of 0.2 W·m−1·°C−1, which is a thousand times lower than that of copper. Under these conditions, it takes about:


    
      	
        17 minutes for heating or cooling of a sheet to reach a depth of 1 cm;

      


      	
        10 s for a depth of 1 mm;

      


      	
        0.1 s for a depth of 0.1 mm.

      

    


    This shows that melting of a polymer by unique conduction from walls of equipment would lead to unacceptably long residence times and low flow rates. That is why all melting processes require a significant input of mechanical energy, often much larger than thermal energy transferred by conduction. The low thermal conductivity also implies that the majority of plastic products are less than a few millimeters thick to minimize the cooling times and favor high production rates.


    Very High Viscosity of Molten Polymers


    Molten polymers have viscosities of about 103 Pa·s under typical processing temperatures; this is a million times larger than that of water. This property has three practical consequences:


    
      	
        Firstly, the Reynolds number that characterizes the weight of inertia terms with respect to the viscosity terms is low; therefore, there will never be any turbulent flow of molten polymer and the inertial terms are often neglected in comparison with the terms of viscosity.

      


      	
        Secondly, the heating of polymers by viscous dissipation is easy to achieve, and it is operative during melting. Under most common extrusion operating conditions, the energy introduced into the polymer by heating and by viscous dissipation are of the same order of magnitude.

      


      	
        Finally, the high viscosities mean high pressures to ensure the flow of polymer in dies and molds at high flow rates, typically:


        
          	
            100 MPa or more for injection pressures;

          


          	
            5 to 50 MPa in extruders to ensure the flow in dies.

          

        

      

    


    This pressure is obtained by two main methods: In injection, the screw, after its rotation during the melting phase is stopped, acts as a piston and moves in the barrel during the phases of filling and post-filling of the mold. In extrusion, the screw-barrel system acts as a pump; the pressure generated in extruders results from the equilibrium of pressure and drag flows in the channel of the screw on one hand and the pressure flow in the die on the other hand.


    Combined Insulating Character and High Viscosity


    The heating by viscous dissipation is often localized, and the low thermal conductivity of the polymer then creates large thermal gradients. Because of the risks of thermal degradation of the polymer, the amount of energy that can be provided by viscous dissipation needs to be restricted or imposed flow rates are to be limited. On the other hand, the high viscosity of polymers coupled with their low conductivity, allows us to design processes in ambient air where extrudates remain in the molten state before going through shaping devices or drawing systems. These properties have led to the development of many downstream extrusion processes:


    
      	
        Spinning, that is to say drawing polymer filaments for the manufacture of textile fibers;

      


      	
        Blowing, batch-wise, bottles and containers;

      


      	
        Blowing, continuous ducts;

      


      	
        Stretching and biaxial stretching of films.

      

    


    Some of these processes are derived from glass-making techniques.


    Sensitivity of Viscosity to Shear Rate and Temperature


    Typically, the viscosity of a molten polymer may decrease by a factor of five when the shear rate is increased by a factor of ten, and it may drop by a factor of two when the temperature is increased by 20 °C. If the viscosity of the polymer was constant, doubling the flow rate would result in doubling the pressure required for the flow. The high sensitivity of the viscosity to the shear rate and temperature allows wide variations of the operating parameters while keeping the die head pressure or injection pressure at the same order of magnitude.


    Viscoelasticity


    Viscoelasticity plays a subtler role as it stabilizes the drawing or biaxial stretching of polymer melts. It is what makes possible the spinning of polymers at a high strain rate and blow molding and thermoforming with homogenized thicknesses of the parts. In contrast, shear flows are limited by the onset of instabilities, sometimes of viscoelastic origin, which result in defects such as volume defects in extrusion or coextrusion interface instabilities. Finally, viscoelasticity is responsible for the swelling at the outlet of dies, which complicates the design of the equipment.


    Outline of the Book


    Most processes for commodity thermoplastics of economic importance are mentioned in the figure below. The basic principles of these processes are the result of four essential properties of molten polymers: low thermal conductivity, high viscosity, viscosity-dependence on the rate of strain and temperature, and viscoelasticity.


     


    [image: ]


    Major commodity polymers and main applications


    The reader will find in the first chapters of this book the details of the physical concepts briefly outlined above:


    
      	
        Basics of continuum mechanics in Chapter 1.

      


      	
        Rheological behavior and measurement methods in Chapter 2.

      


      	
        Basics of heat transfer and their applications to problems of heating and cooling in polymer processing in Chapter 3.

      

    


    Chapter 4 exposes the reader how to implement these mechanical and physical concepts to understand and model processes.


    The following chapters are devoted to specific processes:


    
      	
        Single-screw extrusion and flows in dies in Chapter 5.

      


      	
        Twin-screw extrusion and applications in Chapter 6.

      


      	
        Injection molding in Chapter 7.

      


      	
        Calendering processes in Chapter 8.

      


      	
        Processes involving stretching (spinning, blowing, cast film extrusion) in Chapter 9.

      

    


    Chapter 10 is devoted to instabilities and defects that limit certain processes.


    Problems and their solutions are proposed through the book for helping the reader in mastering the concepts.

  


  
    
      
        	1

        	Continuum Mechanics: Review of Principles
      

    

  


  
    
      
        	1.1

        	Strain and Rate-of-Strain Tensor
      

    


    
      
        	1.1.1

        	Strain Tensor
      

    


    
      
        	1.1.1.1

        	Phenomenological Definitions
      

    


    Phenomenological definitions of strain are first presented in the following examples.


    
      
        	1.1.1.1.1

        	Extension (or Compression)
      

    


    In extension, a volume element of length l is elongated by Δl in the x direction, as illustrated by Figure 1.1. The strain can be defined, from a phenomenological point of view, as ε= Δl /l.


    


    
      [image: ]

      Figure1.1 Strain in extension

    


    For a homogeneous deformation of the volume element, the displacement U on the x-axis is [image: ], and [image: ]. Hence another definition of the strain is [image: ].


    
      
        	1.1.1.1.2

        	Pure Shear
      

    


    A volume element of square section h × h in the x-y plane is sheared by a value a in the x-direction, as shown in Figure 1.2. Intuitively, the strain may be defined as γ= a /h. For a homogeneous deformation of the volume element, the displacement (U , V) of point M(x , y) is


    
      
        
          
            	
              [image: ]

            

            	
              (1.1)

            
          

        
      

    


    Hence, another possible definition of the strain is [image: ].


    


    
      [image: ]

      Figure1.2 Strain in pure shear

    


    
      
        	1.1.1.2

        	Displacement Gradient
      

    


    More generally, any strain in a continuous medium is defined through a field of the displacement vector U(x , y , z) with coordinates


    
      
        
          
            	
              [image: ]

            
          

        
      

    


    The intuitive definitions of strain make use of the derivatives of U , V , and W with respect to x , y , and z , that is, of their gradients. For a three-dimensional flow, the material can be deformed in nine different ways: three in extension (or compression) and six in shear. Therefore, it is natural to introduce the nine components of the displacement gradient tensor ∇U:


    
      
        
          
            	
              [image: ]

            

            	
              (1.2)

            
          

        
      

    


    This notion of displacement gradient applied to the two previous deformations presented in Section 1.1.1.1 leads to the following expressions:


    
      	
        Extension deformation:


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.3)

                
              

            
          

        

      


      	
        Shear deformation:


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.4)

                
              

            
          

        

      

    


    If this notion is applied to a volume element that has rotated θ degrees without being deformed, as shown in Figure 1.3, the displacement vector can be written as


    
      
        
          
            	
              [image: ]

            

            	
              (1.5)

            
          

        
      

    


    


    
      [image: ]

      Figure1.3 Rigid rotation

    


    
      
        
          
            	
              [image: ]

            

            	
              (1.6)

            
          

        
      

    


    
      
        
          
            	
              [image: ]

            

            	
              (1.7)

            
          

        
      

    


    It is obvious from this result that ∇U cannot physically describe the strain of the material since it is not equal to zero when the material is under rigid rotation without being deformed.


    
      
        	1.1.1.3

        	Deformation or Strain Tensor ε
      

    


    To obtain a tensor that physically represents the local deformation, we must make the tensor ∇U symmetrical, as follows:


    
      	
        Write the transposed tensor (symmetry with respect to the principal diagonal); the transposed deformation tensor is


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.8)

                
              

            
          

        

      


      	
        Write the half sum of the two tensors, each transposed with respect to the other:


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.9)

                
              

            
          

        


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.10)

                
              

            
          

        

      

    


    where Ui stands for U , V , or W and xi for x , y , or z.


    Let us now reexamine the three previous cases:


    
      	
        In extension (or compression):


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.11)

                
              

            
          

        

      

    


    The deformation tensor ε is equal to the displacement gradient tensor ∇U.


    
      	
        In pure shear:


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.12)

                
              

            
          

        

      

    


    The tensor ε is symmetric, whereas ∇U is not. We see that pure shear is physically imposed in a nonsymmetrical manner with respect to x and y; however, the strain experienced by the material is symmetrical.


    
      	
        In rigid rotation:


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.13)

                
              

            
          

        

      

    


    The definition of ε is such that the deformation is nil in rigid rotation; it is physically satisfactory, whereas the use of ∇U for the deformation is not correct.


    As a general result, the tensor ε is always symmetrical; that is, it contains only six independent components:


    
      	
        three in extension or compression: εxx , εyy , εzz

      


      	
        three in shear: εxy= εyx , εyz= εzy , εzx= εxz

      

    


    


    


    Important Remarks


    (a) The definition of the tensor ε used here is a simplified one. One can show rigorously that the strain tensor in a material is mathematically described by the tensor Δ (Salençon, 1988):


    
      
        
          
            	
              [image: ]

            

            	
              (1.14)

            
          

        
      

    


    This definition of the tensor ε is valid only if the terms ∂Ui /∂xj are small. So the expressions for the tensor written above are usable only if ε, γ, θ , and so on are small (typically less than 5 %). This condition is not generally satisfied for the flow of polymer melts. As will be shown, in those cases, we will use the rate-of-strain tensor [image: ].


    (b) The deformation can also be described by following the homogeneous deformation of a continuum media with time. The Cauchy tensor is then used, defined by


    
      
        
          
            	
              [image: ]

            

            	
              (1.15)

            
          

        
      

    


    where xi are the coordinates at time t of a point initially at Xi , and Ft is the transpose of F. The inverse tensor, called the Finger tensor, will be used in Chapter 2:


    
      
        
          
            	
              [image: ]

            

            	
              (1.16)

            
          

        
      

    


    
      
        	1.1.1.4

        	Volume Variation During Deformation
      

    


    Only in extension or compression the strain may result in a variation of the volume. If lx , ly , lz are the dimensions along the three axes, the volume, [image: ], is then


    
      
        
          
            	
              [image: ]

            

            	
              (1.17)

            
          

        
      

    


    
      
        	1.1.2

        	Rate-of-Strain Tensor
      

    


    For a velocity field u(x , y , z), the rate-of-strain tensor is defined as the limit:


    
      
        
          
            	
              [image: ]

            

            	
              (1.18)

            
          

        
      

    


    where [image: ] is the deformation tensor between times t and t + dt. However, in this time interval the displacement vector is dU= u dt. Hence,


    
      
        
          
            	
              [image: ]

            

            	
              (1.19)

            
          

        
      

    


    where ui= (u , v , w) are the components of the velocity vector. The components of the rate-of-strain tensor become


    
      
        
          
            	
              [image: ]

            

            	
              (1.20)

            
          

        
      

    


    As in the case of ε, this tensor is symmetrical:


    
      
        
          
            	
              [image: ]

            

            	
              (1.21)

            
          

        
      

    


    The diagonal terms are elongational rates; the other terms are shear rates. They are often denoted [image: ] and [image: ], respectively.


    Remark: Equation (1.20) is the general expression for the components of the rate-of-strain tensor, but its derivation from the expression (1.18) for the strain tensor is correct only if the deformations and the displacements are infinitely small (as in the case of a high-modulus elastic body). For a liquid material, it is not possible, in general, to make use of expression (1.19). Indeed, a liquid experiences very large deformations for which the tensor ε has no physical meaning. Tensors Δ, C, or C−1 are used instead.


    
      
        	1.1.3

        	Continuity Equation
      

    


    
      
        	1.1.3.1

        	Mass Balance
      

    


    Let us consider a volume element of fluid dx dy dz (Figure 1.4). The fluid density is ρ(x , y , z , t).


    


    
      [image: ]

      Figure1.4 Mass balance on a cubic volume element

    


    The variation of mass in the volume element with respect to time is [image: ]. This variation is due to a balance of mass fluxes across the faces of the volume element:


    
      	
        In the x direction: [image: ]

      


      	
        In the y direction: [image: ]

      


      	
        In the z direction: [image: ]

      

    


    Hence, dividing by dx dy dz and taking the limits, we get


    
      
        
          
            	
              [image: ]

            

            	
              (1.22)

            
          

        
      

    


    which can be written through the definition of the divergence as


    
      
        
          
            	
              [image: ]

            

            	
              (1.23)

            
          

        
      

    


    This is the continuity equation.


    Remark: This equation can be written using the material derivative [image: ], leading to [image: ].


    
      
        	1.1.3.2

        	Incompressible Materials
      

    


    For incompressible materials, ρ is a constant, and the continuity equation reduces to


    
      
        
          
            	
              [image: ]

            

            	
              (1.24)

            
          

        
      

    


    This result can be obtained from the expression for the volume variation in small deformations:
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              (1.25)
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              (1.26)
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              (1.27)

            
          

        
      

    


    
      
        	1.1.4

        	Problems
      

    


    
      
        	1.1.4.1

        	Analysis of Simple Shear Flow
      

    


    Simple shear flow is representative of the rate of deformation experienced in many practical situations. Homogeneous, simple planar shear flow is defined by the following velocity field:


    
      
        
          
            	
              [image: ]

            
          

        
      

    


    where Ox is the direction of the velocity, Oxy is the shear plane, and planes parallel to Oxz are sheared surfaces; [image: ] is the shear rate. Write down the expression for the tensor [image: ] for this simple planar shear flow.


    


    
      [image: ]

      Figure1.5 Flow between parallel plates

    


    


    


    Solution


    
      
        
          
            	
              [image: ]

            

            	
              (1.28)

            
          

        
      

    


    
      
        	1.1.4.2

        	Study of Several Simple Shear Flows
      

    


    One can assume that any flow situation is locally simple shear if, at that given point, the rate-of-strain tensor is given by the above expression (Eq. (1.28)). Then show that all the following flows, encountered in practical situations, are locally simple shear flows. Obtain in each case the directions 1, 2, 3 (equivalent to x , y , z for planar shear) and the expression of the shear rate [image: ] (use the expressions of [image: ] in cylindrical and spherical coordinates given in Appendix 1, see Section 1.4.1).


    
      
        	1.1.4.2.1

        	Flow between Parallel Plates (Figure 1.6)
      

    


    The velocity vector components are u(y), v= 0,w= 0.


    


    
      [image: ]

      Figure1.6 Flow between parallel plates

    


    


    Solution


    
      
        
          
            	
              [image: ]

            

            	
              (1.29)

            
          

        
      

    


    
      
        	1.1.4.2.2

        	Flow in a Circular Tube (Figure 1.7)
      

    


    The components of the velocity vector u(r, θ, z) in a cylindrical frame are u= 0, v= 0, w= w(r).


    


    
      [image: ]

      Figure1.7 Flow in a circular tube

    


    


    Solution


    
      
        
          
            	
              [image: ]

            

            	
              (1.30)

            
          

        
      

    


    Directions 1, 2, and 3 are respectively z , r , and θ. The shear rate is [image: ].


    
      
        	1.1.4.2.3

        	Flow between Two Parallel Disks
      

    


    The upper disk is rotating at an angular velocity Ω0, and the lower one is fixed (Figure 1.8). The velocity field in cylindrical coordinates has the following expression: u(r, θ, z):u= 0, v(r, z),w= 0


    


    
      [image: ]

      Figure1.8 Flow between parallel disks

    


    (a) Show that the tensor [image: ] does not have the form defined in Section 1.1.4.1.


    (b) The sheared surfaces are now assumed to be parallel to the disks and rotate at an angular velocity Ω(z). Calculate v(r , z) and show that the tensor [image: ] is a simple shear one.


    


    Solution


    (a)


    
      
        
          
            	
              [image: ]

            

            	
              (1.31)

            
          

        
      

    


    (b) If v(r , z)= r Ω (z), then [image: ] and [image: ] is a simple shear tensor. The shear rate is [image: ] and directions 1, 2, and 3 are θ , z , and r , respectively.


    
      
        	1.1.4.2.4

        	Flow between a Cone and a Plate
      

    


    A cone of half angle θ0 rotates with the angular velocity Ω0. The apex of the cone is on the disk, which is fixed (Figure 1.9). The sheared surfaces are assumed to be cones with the same axis and apex as the cone-and-plate system; they rotate at an angular velocity Ω(θ).


    


    
      [image: ]

      Figure1.9 Flow in a cone-and-plate system

    


    

    Solution


    In spherical coordinates (r , θ , φ), the velocity vector components are u= 0, v= 0, and w= r sinθ Ω(θ).


    
      
        
          
            	
              [image: ]

            

            	
              (1.32)

            
          

        
      

    


    The shear rate is [image: ], and directions 1, 2, and 3 are φ, θ , and r , respectively.


    
      
        	1.1.4.2.5

        	Couette Flow
      

    


    A fluid is sheared between the inner cylinder of radius R1 rotating at the angular velocity Ω0 and the outer fixed cylinder of radius R2 (Figure 1.10). The components of the velocity vector u(r , θ , z) in cylindrical coordinates are u= 0, v(r), and w= 0.


    


    
      [image: ]

      Figure1.10 Couette flow

    


    

    Solution


    
      
        
          
            	
              [image: ]

            

            	
              (1.33)

            
          

        
      

    


    The shear rate is [image: ], and directions 1, 2, and 3 are θ, r , and z , respectively.


    
      
        	1.1.4.3

        	Pure Elongational Flow
      

    


    A flow is purely elongational or extensional at a given point if the rate-of-strain tensor at this point has only nonzero components on the diagonal.


    
      
        	1.1.4.3.1

        	Simple Elongation
      

    


    An incompressible parallelepiped specimen of square section is stretched in direction x (Figure 1.11). Then [image: ] is called the elongation rate in the x-direction. Write down the expression of [image: ].


    


    
      [image: ]

      Figure1.11 Deformation of a specimen in elongation

    


    


    Solution


    Assuming a homogeneous deformation, the velocity vector is [image: ] and


    
      
        
          
            	
              [image: ]

            

            	
              (1.34)

            
          

        
      

    


    The sample section remains square during the deformation, so [image: ]. Incompressibility implies [image: ]. Therefore, [image: ] and
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              (1.35)

            
          

        
      

    


    
      
        	1.1.4.3.2

        	Biaxial Stretching: Bubble Inflation
      

    


    The inflation of a bubble of radius R and thickness e small compared to R is considered in Figure 1.12.


    
      	
        Write the rate-of-strain components in the r,θ,φ directions.

      


      	
        Write the continuity equation for an incompressible material and integrate it.

      


      	
        Show the equivalence between the continuity equation and the volume conservation.

      

    


    


    
      [image: ]

      Figure1.12 Bubble inflation

    


    


    Solution


    (a) The bubble is assumed to remain spherical and to deform homogeneously so that the shear components are zero. The rate-of-strain components are as follows:


    
      	
        In the thickness (r) direction: [image: ]

      


      	
        In the θ-direction: [image: ]

      


      	
        In the φ-direction: [image: ]

      

    


    (b) For an incompressible material, [image: ], which can be integrated to obtain R2e= cst.


    (c) This is equivalent to the global volume conservation: [image: ].


    
      
        	1.2

        	Stresses and Force Balances
      

    


    
      
        	1.2.1

        	Stress Tensor
      

    


    
      
        	1.2.1.1

        	Phenomenological Definitions
      

    


    
      
        	1.2.1.1.1

        	Extension (or Compression) (Figure 1.13)
      

    


    An extension force applied on a cylinder of section S induces a normal stress σn= F /S.


    


    
      [image: ]

      Figure1.13 Stress in extension

    


    
      
        	1.2.1.1.2

        	Simple Shear (Figure 1.14)
      

    


    A force tangentially applied to a surface S yields a shear stress τ= F /S.


    The units of the stresses are those of pressure: pascals (Pa).


    


    
      [image: ]

      Figure1.14 Stress in simple shear

    


    
      
        	1.2.1.2

        	Stress Vector
      

    


    Let us consider, in a more general situation, a surface element dS in a continuum. The part of the continuum located on one side of dS exerts on the other part a force dF. As the interactions between both parts of the continuum are at small distances, the stress vector T at a point O on this surface is defined as the limit:


    
      
        
          
            	
              [image: ]

            

            	
              (1.36)

            
          

        
      

    


    At point O, the normal to the surface is defined by the unit vector, n, in the outward direction, as illustrated in Figure 1.15.


    


    
      [image: ]

      Figure1.15 Stress applied to a surface element

    


    The stress components can be obtained from projections of the stress vector:


    
      	
        Projection on n: σn= T · n


        where σn is the normal stress (in extension, σn > 0; in compression, σn < 0).

      


      	
        Projection on the surface: τ is the shear stress.

      

    


    
      
        	1.2.1.3

        	Stress Tensor
      

    


    The stress vector cannot characterize the state of stresses at a given point since it is a function of the orientation of the surface element, that is, of n. Thus, a tensile force induces a stress on a surface element perpendicular to the orientation of the force, but it induces no stress on a parallel surface element (Figure 1.16).


    


    
      [image: ]

      Figure1.16 Stress vector and surface orientation

    


    The state of stresses is in fact characterized by the relation between T and n and, as we will see, this relation is tensorial. Let us consider an elementary tetrahedron OABC along the axes Oxyz (Figure 1.17): the x , y , and z components of the unit normal vector to the ABC plane are the ratios of the surfaces OAB , OBC , and OCA to ABC:


    
      
        
          
            	
              [image: ]

            
          

        
      

    


    


    
      [image: ]

      Figure1.17 Stresses exerted on an elementary tetrahedron

    


    Let us define the components of the stress tensor in the following table:


    
      
        
          
            	
              Projection on

            

            	
              of the stress vector exerted on the face normal to

            
          


          
            	

            	
              Ox

            

            	
              Oy

            

            	
              Oz

            
          


          
            	
              Ox

            

            	
              σxx

            

            	
              σxy

            

            	
              σxz

            
          


          
            	
              Oy

            

            	
              σyx

            

            	
              σyy

            

            	
              σyz

            
          


          
            	
              Oz

            

            	
              σzx

            

            	
              σzy

            

            	
              σzz

            
          

        
      

    


    The net surface forces acting along the three directions of the axes are as follows:


    
      
        
          
            	
              [image: ]

            
          

        
      

    


    with OA , OB , OC being of the order of d; the surfaces OAB , OBC , and OCA are of the order of d2; and the volume OABC is of the order of d3. The surface forces are of the order of Td2 and the volume forces of the order of Fd3 (e. g., F= ρg for the gravitational force per unit volume).


    When the dimension d of the tetrahedron tends to zero, the volume forces become negligible compared with the surface forces, and the net forces, as expressed above, are equal to zero. Hence, in terms of the components of n:


    
      
        
          
            	
              [image: ]

            

            	
              (1.37)

            
          

        
      

    


    This result can be written in tensorial notation as


    
      
        
          
            	
              [image: ]

            

            	
              (1.38)

            
          

        
      

    


    where σ is the stress tensor, which contains three normal components and six shear components defined for the three axes. As in the case of the strain, the state of the stresses is described by a tensor.


    
      
        	1.2.1.4

        	Isotropic Stress or Hydrostatic Pressure
      

    


    The hydrostatic pressure translates into a stress vector that is in the direction of n for any orientation of the surface:


    
      
        
          
            	
              [image: ]

            

            	
              (1.39)

            
          

        
      

    


    The corresponding tensor is proportional to the unit tensor I:


    
      
        
          
            	
              [image: ]

            

            	
              (1.40)

            
          

        
      

    


    
      
        	1.2.1.5

        	Deviatoric Stress Tensor
      

    


    For any general state of stresses, the pressure can be defined in terms of the trace of the stress tensor as


    
      
        
          
            	
              [image: ]

            

            	
              (1.41)

            
          

        
      

    


    The pressure is independent of the axes since the trace of the stress tensor is an invariant (see Appendix 2, see Section 1.4.2). It could be positive (compressive state) or relatively negative (extensive state, possibly leading to cavitation problems in a liquid).


    The stress tensor can be written as a sum of two terms, the pressure term and a traceless stress term, called the deviatoric stress tensor σ′:
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              (1.42)

            
          

        
      

    


    


    


    Examples


    
      	
        Uniaxial extension (or compression):


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.43)

                
              

            
          

        

      


      	
        Simple shear under a hydrostatic pressure p:


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.44)

                
              

            
          

        

      

    


    More generally, we will see that the stress tensor can be decomposed into an isotropic arbitrary part denoted as p′I, and a tensor called the extra-stress tensor σ′. The expressions of the constitutive equations in Chapter 2 will use either the deviatoric part of the stress tensor σ′ for viscous behaviors or the extra-stress tensor σ′ for viscoelastic behaviors (in this case, σ′ is no longer a deviator, and p′ is not the hydrostatic pressure).


    
      
        	1.2.2

        	Equation of Motion
      

    


    
      
        	1.2.2.1

        	Force Balances
      

    


    Considering an elementary volume of material with a characteristic dimension d:


    
      	
        The surface forces are of the order of d2, but the definition of the stress tensor is such that their contribution to a force balance is nil.

      


      	
        The volume forces (gravity, inertia) are of the order of d3, and they must balance the derivatives of the surface forces, which are also of the order of d3.

      

    


    We will write that the resultant force is nil (Figure 1.18).


    


    
      [image: ]

      Figure1.18 Balance of forces exerted on a volume element

    


    The forces acting on a volume element dx dy dz are the following:


    
      	
        The mass force (generally gravity): F dx dy dz

      


      	
        The inertial force: ργ dx dy dz= ρ (du/dt) dx dy dz

      


      	
        The net surface force exerted by the surroundings in the x-direction:


        
          
            
              
                	
                  [image: ]

                
              

            
          

        


        and similar terms for the y and z-directions.

      

    


    Dividing by dx dy dz and taking the limits, we obtain for the x , y , and z components:


    
      
        
          
            	
              [image: ]

            

            	
              (1.45)

            
          

        
      

    


    The derivatives of σij are the components of a vector, which is the divergence of the tensor σ. Equation (1.45) may be written as
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              (1.46)

            
          

        
      

    


    This is the equation of motion, also called the dynamic equilibrium. It is often convenient to express the stress tensor as the sum of the pressure and the deviatoric stress:
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              (1.47)

            
          

        
      

    


    
      
        	1.2.2.2

        	Torque Balances
      

    


    Let us consider a small volume element of linear dimension d; the mass forces of the order of d3 induce torques of the order of d4. There is no mass torque, which would result in torques of the order of d3 (as in the case of a magnetic medium). Finally, the surface forces of the order of d2 induce torques of the order of d3, so only the net torque resulting from these forces must be equal to zero.


    If we consider the moments about the z-axis (Figure 1.19), only the shear stresses σxy and σyx on the upper (U) and lateral (L) surfaces of the element dx dy dz lead to torques. They are obtained by taking the following vector products:
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              (1.48)

            
          

        
      

    


    
      
        
          
            	
              [image: ]

            

            	
              (1.49)

            
          

        
      

    


    


    
      [image: ]

      Figure1.19 Torque balance on a volume element

    


    A torque balance, in the absence of a mass torque, yields σxy= σyx. In a similar way, σyz= σzy and σzx= σxz. The absence of a volume torque then implies the symmetry of the stress tensor. Therefore, as for the strain tensor ε, the stress tensor has only six independent components (three normal and three shear components).


    
      
        	1.2.3

        	Problems
      

    


    
      
        	1.2.3.1

        	Shear Stress at the Surface of a Tube
      

    


    A tube of length L and radius R is filled with a homogeneous material. A pressure difference Δp is applied between the end sections. The material necessarily exerts a shear stress on the wall of the tube. If the shear stress τ is uniform, show that


    
      
        
          
            	
              [image: ]

            

            	
              (1.50)

            
          

        
      

    


    


    


    Solution


    The shear stress τ applies on the lateral surface of the tube, 2πRL , inducing a force τ2πRL. This force is balanced by the pressure applied to the section of the tube, πR2: τ2πRL= ΔpπR2.


    Therefore [image: ].


    
      
        	1.2.3.2

        	Stresses in a Shell
      

    


    Consider a thin spherical shell of radius R and thickness e small compared to R. The internal pressure inside the sphere is p.


    
      	
        Obtain the expression of the stress tensor in the wall of the sphere and justify the thin-shell approximation.

      


      	
        Answer the same questions for a tube.

      

    


    


    


    Solution


    
      	
        Sphere: The shear stresses are negligible compared to the elongational stresses σθθ , σφφ , and σrr. The sphere is cut in two parts in an equatorial plane perpendicular to the z-axis (see Figure 1.12). The force 2πReσθθ is exerted on the cut surface. On the upper half-sphere, the pressure force projected along the z-axis is


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.51)

                
              

            
          

        


        So 2πReσθθ= pπR2, that is,
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                  (1.52)

                
              

            
          

        


        Cutting the sphere by a plane perpendicular to the previous one leads to
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                  (1.53)

                
              

            
          

        


        The stress σrr is undefined, but its value is between 0 and p. If R is large compared to e (thin-shell approximation), then σrr is small compared to σθθ and σφφ.

      


      	
        Cylinder: For a cylinder of length L , radius R , and thickness e , a force balance leads to


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.54)

                
              

            
          

        


        
          
            
              
                	
                  [image: ]

                

                	
                  (1.55)

                
              

            
          

        

      

    


    Hence, [image: ] and [image: ] . If R is large compared to e , σrr is small compared to σθθ and σzz.


    
      
        	1.3

        	General Equations of Mechanics
      

    


    
      
        	1.3.1

        	General Case
      

    


    A problem in mechanics involves 10 unknown functions of x , y , z , and t:


    
      	
        the density ρ ,

      


      	
        the vector u with three components u , v , w (from which are obtained the strain and the rate of strain), and

      


      	
        the stress tensor σ with six components.

      

    


    Four equations are available to solve the problem:


    
      	
        The equation of continuity (Eq. (1.23)):


        
          
            
              
                	
                  [image: ]

                
              

            
          

        

      


      	
        The three components of the equation of motion (Eq. (1.46)):


        
          
            
              
                	
                  [image: ]

                
              

            
          

        

      

    


    We need six other equations. These are the constitutive relations between the stresses and the strain or rate of strain in a material element. The elastic behavior is well known; the constitutive relation in terms of the Lamé and Clapeyron coefficients λ and μ is


    
      
        
          
            	
              [image: ]

            

            	
              (1.56)

            
          

        
      

    


    where δij is the Kronecker delta. This relation contains six equations. Other constitutive relations are introduced in Chapter 2.


    The constitutive equation is the mathematical expression of the rheological behavior of a material, determined from experiments conducted in simple flows with a viscometer, a rheometer, or a tension or torsion device.


    
      
        	1.3.2

        	Incompressibility
      

    


    For incompressible materials, ρ is constant, and the equation of continuity is simplified, but it is still useful (Eq. (1.24)):


    
      
        
          
            	
              [image: ]

            
          

        
      

    


    On the other hand, as shown by Mandel (1974), the constitutive relation is no longer written in terms of the stress tensor σ, but in terms of a tensor σ′ that characterizes the state of stresses within an isotropic term (hydrostatic pressure). This stress tensor is frequently taken as the deviatoric stress tensor. Under these conditions, the constitutive relation contains only five equations. A given problem now represents nine unknowns and may be solved theoretically with the help of nine equations:


    


    [image: ]


    
      
        	1.3.3

        	Planar Flow
      

    


    We are frequently interested in planar flow problems. The most important one is planar deformation flow, defined by the following. The z-component of the velocity vector is zero, and u and v are independent of z. For any rheological behavior (see the problem in Section 1.3.4), σxz= σyz= 0, and the equation of motion (or a force balance) for steady-state conditions implies that σzz is constant. The problem is then reduced to two dimensions with only five unknowns: u , v , and σxx , σxy , σyy.


    

  

    

    Example


    The flow in the gap between two rolls in the calendering process is not strictly speaking a planar flow, except in the plane of symmetry, since the thickness of the bank in the material decreases with the distance from the center. However, over a large portion of the width, the approximation of planar flow is quite acceptable.


    
      
        	1.3.4

        	Problem: Stress Tensor in Simple Shear Flow
      

    


    A material is submitted to a homogeneous simple shear flow under steady-state conditions with a velocity in the x-direction and varying with the y-axis. The velocity vector has only one nonzero component u in direction Ox depending only on y. The stresses in this material are then steady and uniform. For steady and uniform conditions and for a given rheological behavior, there is a unique relation between the tensors [image: ] and σ.


    
      	
        For these considerations and making an appropriate change of coordinates, show that the stresses developed in simple shear for any rheological behavior are such that σxz= σyz= 0.

      


      	
        Show that it is also the case for any type of planar flow.

      

    


    

    Solution


    In the coordinates (x , y , z) the rate-of-strain tensor is
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              (1.57)

            
          

        
      

    


    and the general expression of the stress tensor is
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              (1.58)

            
          

        
      

    


    The force acting on the surface defined by the unit normal vector n (i.e., surface normal to n) is T= σ · n, or
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              (1.59)

            
          

        
      

    


    Let us consider the change of coordinates (x , y , z) to (x , y , −z). The tensor [image: ] is not modified, and therefore the tensor σ is also unmodified. The coordinates of n and T are respectively (nx , ny , −nz) and (Tx , Ty , −Tz), and the same relation T= σ · n leads to
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              (1.60)

            
          

        
      

    


    The equality of Tx , Ty , and Tz in these two sets of results for any values of nx , ny , and nz implies that σxz= σyz= 0. The same demonstration applies to any two-dimensional flow in the plane (x , y).


    
      
        	1.4

        	Appendices
      

    


    
      
        	1.4.1

        	Appendix 1: Basic Formulae
      

    


    
      
        	1.4.1.1

        	Cylindrical Coordinates
      

    


    


    


    Gradient of a scalar:
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              (1.61)

            
          

        
      

    


    Material or substantial derivative of a scalar:
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              (1.62)

            
          

        
      

    


    Laplacian of a scalar:
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              (1.63)

            
          

        
      

    


    Velocity-gradient tensor:
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              (1.64)

            
          

        
      

    


    Rate-of-strain tensor:
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              (1.65)

            
          

        
      

    


    Dynamic equilibrium:
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              (1.66)

            
          

        
      

    


    Navier‒Stokes equations:


    
      	
        r-component:
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                  (1.67)

                
              

            
          

        

      


      	
        θ-component:
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                  (1.68)

                
              

            
          

        

      


      	
        z-component:
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                  (1.69)

                
              

            
          

        

      

    


    Material or substantial derivative of a tensor a:
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              (1.70)

            
          

        
      

    


    
      
        	1.4.1.2

        	Spherical Coordinates
      

    


    


    


    Gradient of a scalar:
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              (1.71)

            
          

        
      

    


    Material or substantial derivative of a scalar:


    
      
        
          
            	
              [image: ]

            

            	
              (1.72)

            
          

        
      

    


    Laplacian of a scalar:


    
      
        
          
            	
              [image: ]

            

            	
              (1.73)

            
          

        
      

    


    Velocity-gradient tensor:
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              (1.74)

            
          

        
      

    


    Rate-of-strain tensor:
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              (1.75)

            
          

        
      

    


    Dynamic equilibrium:
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              (1.76)

            
          

        
      

    


    Navier‒Stokes equations:
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              (1.77)

            
          

        
      

    


    where
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              (1.78)

            
          

        
      

    


    
      
        	1.4.2

        	Appendix 2: Invariants of a Tensor
      

    


    
      
        	1.4.2.1

        	Definitions
      

    


    A second-order tensor can be represented as a matrix M in a frame of reference R. Defining P as the matrix of transformation from the frame of reference R to R′, the tensor in the frame R′ is then given by
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              (1.79)

            
          

        
      

    


    For many tensors, for example all symmetric tensors, there is a unique frame of reference in which M is a diagonal matrix:
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              (1.80)

            
          

        
      

    


    Here, λi are the eigenvalues or principal values, and the frame of reference is defined by the directions of the eigenvectors, usually called in fluid mechanics the principal directions. If M= ε, then λi are the principal extensions; if M= σ, the λi are the principal stresses. By definition, the eigenvalues are characteristics of the tensor at a given point and are independent of the frame of reference (or choice of coordinate system). They are solutions of the characteristic equation
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              (1.81)

            
          

        
      

    


    where
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              (1.82)

            
          

        
      

    


    I1, I2, and I3 are the invariants of the tensor M. We can define other invariants:
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              (1.83)

            
          

        
      

    


    These invariants are in fact combinations of the first three:
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              (1.84)

            
          

        
      

    


    
      
        	1.4.2.2

        	Invariants Used in Fluid Mechanics
      

    


    The most frequently used invariants in fluid mechanics are as follows:


    The trace:


    
      	
        Hydrostatic pressure: [image: ]

      


      	
        Compressibility: [image: ]

      

    


    For incompressible fluids, tr [image: ], and both sets of invariants (I and J) of the rate-of-strain tensor [image: ] have the same absolute value.


    The second invariant J2:


    If one considers M as a tensor of nine coordinates mij in a nine-dimensional space, J2 is proportional to the square of the length of the vector. Thus, [image: ] is a measure of the length of the vector, that is, of the scalar intensity of the tensor. Following the theory of plasticity, one can use the Von Mises criterion to write
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              (1.85)

            
          

        
      

    


    where σy is the yield stress.


    A generalized rate of deformation can be defined by
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              (1.86)

            
          

        
      

    


    However, as shear deformations play a larger role than elongational deformations in many polymer processes, it is more appropriate to define the following generalized deformation rate:
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              (1.87)

            
          

        
      

    


    In simple shear flow (Eq. (1.12)):
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    Hence, the generalized deformation rate reduces to the shear rate: [image: ].


    In uniaxial extensional flow (Eq. (1.35)): [image: ]


    Hence, [image: ].


    The third invariant:


    For a large class of flow situations, the third invariant J3 is equal to zero, for example in planar and viscometric flows. In elongational situations such as those presented in Section 1.1.4.3, J3 is not zero.
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        	2

        	Rheological Behavior of Molten Polymers
      

    

  


  
    
      
        	2.1 

        	Viscosity: Equations for Newtonian Fluids
      

    


    Newtonian behavior is the simplest approximation of the rheological behavior of polymer melts.


    
      
        	2.1.1 

        	Basic Experiment of Newtonian Behavior
      

    


    
      
        	2.1.1.1 

        	Phenomenological Definition of Newton (1713)
      

    


    We consider a viscous liquid sheared between two parallel plates of area S and gap h between the plates; one of the plates is moving relative to the other at the velocity U , as illustrated in Figure 2.1.


    Experiment shows that a linear velocity profile is established between the fixed plate and the moving plate:


    
      	
        The shear rate is thus
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                  (2.1)

                
              

            
          

        

      


      	
        A force F is necessary to move the plate, which induces a shear stress:
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                  (2.2)

                
              

            
          

        


         


        
          [image: ]

          Figure 2.1 Simple shear experiment

        

      

    


    Experimentally, for most simple liquids at a given temperature and pressure, the ratio between τ and [image: ] is constant (at least in a range of values of [image: ]). Newton defined the viscosity η by this ratio:
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              (2.3)

            
          

        
      

    


    
      
        	2.1.1.2 

        	Experiment of Trouton: Concept of Elongational Viscosity
      

    


    We consider now a specimen of length l and cross section S , subjected to a tensile force F as shown in Figure 2.2:


    
      	
        The rate of elongation is
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                  (2.4)

                
              

            
          

        

      


      	
        The tensile stress is


        
          
            
              
                	
                  [image: ]

                

                	
                  (2.5)

                
              

            
          

        

      

    


    Trouton in 1906 defined the elongational viscosity ηE in uniaxial deformation as the ratio between the tensile stress σ and the elongation rate [image: ]:
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              (2.6)

            
          

        
      

    


    He showed that the elongational viscosity of bitumen was equal to three times the shear viscosity:
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              (2.7)

            
          

        
      

    


    One might think that the value of the viscosity depends on the type of deformation imposed on the material. This is physically unacceptable, and it is in the interest of a three-dimensional constitutive expression to solve this apparent contradiction.


    A physical concept for the viscosity is introduced in Appendix 1, see Section 2.6.1.


     


    
      [image: ]

      Figure 2.2 Simple stretching experiment

    


    
      
        	2.1.2 

        	Generalization to Three Dimensions
      

    


    
      
        	2.1.2.1 

        	Constitutive Equation
      

    


    Newton’s law, as defined by Eq. (2.3), is restricted to one-dimensional flows and does not describe the dynamics of a three-dimensional flow problem; hence it does not allow a complete solution of a complex flow problem. To do that, one must write the viscosity law in a tensorial form as a relation between the stress and the rate-of-strain tensors. The result, first obtained by Navier in 1823 for incompressible liquids, is given in terms of the deviatoric stress tensor as
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              (2.8)

            
          

        
      

    


    The factor 2 is used to ensure agreement with the definition of Newton, as shown below, and Eq. (2.8) allows us to find consistency between the experimental measurements of Newton and those of Trouton.


    
      
        	2.1.2.2 

        	Simple Shear Flow
      

    


    In a simple shear experiment where the flow is in the direction of the x-axis and the shear force is acting on the y plane (Figure 2.1), we have
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              (2.9)

            
          

        
      

    


    From the (1,2) or (2,1)-component of the deviatoric stress tensor, the shear stress is [image: ] according to the definition of Newton.


    Remark: The experience and the definition of Newton are nonsymmetrical with respect to the x- and y-directions. The stress that is physically described as F /S is the term σxy; the constitutive equation introduces another stress: σyx = σxy .


    On the other hand, the tensor σ is expressed as
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              (2.10)

            
          

        
      

    


    that is, it has a nonzero shear component, [image: ], but no difference between the three normal stresses σxx , σyy , and σzz . We will see later that this is a sign of the absence of elasticity in the liquid.


    
      
        	2.1.2.3 

        	Uniaxial Extensional Flow
      

    


    The liquid sample of Figure 2.2 is stretched in the x-direction; it is assumed that it is deformed uniformly and the weight of the specimen can be neglected compared to the stretching force, F. The strain rate is constant along x and is
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              (2.11)

            
          

        
      

    


    The conservation of volume of the specimen or the continuity equation for an incompressible liquid leads to
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              (2.12)

            
          

        
      

    


    The specimen keeps its parallelepiped shape during the deformation as there is thus no shear. For a polymer having a Newtonian behavior, the stress tensor is expressed as
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              (2.13)

            
          

        
      

    


    The dynamic equilibrium equations are


    
      
        
          
            	
              [image: ]

            

            	
              (2.14)

            
          

        
      

    


    On the sides of the specimen where no stress is exerted (free surface condition), σyy and σzz are zero. Therefore, from Eq. (2.14) σyy and σzz are zero everywhere, which leads to
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              (2.15)

            
          

        
      

    


    We recover the Trouton behavior:
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              (2.16)

            
          

        
      

    


    
      
        	2.1.3 

        	Magnitudes of the Forces Involved
      

    


    
      
        	2.1.3.1 

        	Units of Viscosity and Orders of Magnitude
      

    


    The unit of the dynamic viscosity, η , (dimensions ML−1t−1) is Pascal · second (Pa · s). In the centimeter‒gram‒second system of units, it is the poise (P). The relation that links them is 1 Pa · s = 10 P. We also define the kinematic viscosity ν = η /ρ (dimensions L2t−1), for which the SI units are m2 · s−1 (old units: the Stokes (St) or cm2 · s−1). The orders of magnitude of the viscosity for various materials are given in Table 2.1.


    
      Table 2.1 Orders of Magnitude of Viscosity (η) and Kinematic Viscosity (ν)


      
        
          
            
              	
                Material

              

              	
                η (Pa · s)

              

              	
                ν (m2 · s−1)

              
            


            
              	
                Air (0 °C)

              

              	
                1.7 × 10−5

              

              	
                1.33 × 10−5

              
            


            
              	
                Water (0 °C)

              

              	
                1.8 × 10−3

              

              	
                1.79 × 10−6

              
            


            
              	
                Water (20 °C)

              

              	
                10−3

              

              	
                10−6

              
            


            
              	
                Mercury (20 °C)

              

              	
                1.6 × 10−3

              

              	
                1.2 × 10−7

              
            


            
              	
                Oils

              

              	
                10−2 to 1

              

              	
                10−5 to 10−3

              
            


            
              	
                Polymer melts

              

              	
                102 to 104

              

              	
                10−1 to 10

              
            


            
              	
                Molten glass

              

              	
                102 to 104

              

              	
                10−1 to 10

              
            

          
        

      

    


    Table 2.1 shows the extremely high viscosity of polymers, similar to that of molten glass. The physical interpretation is given in Appendix 1 (Section 2.6.1).


    
      
        	2.1.3.2 

        	Reynolds Number
      

    


    The Reynolds number (Re) is most often defined for a flow in a tube of diameter D with average fluid velocity U:
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              (2.17)

            
          

        
      

    


    It is well known in hydrodynamics that the flow in a pipe becomes turbulent when Re exceeds 2000 to 10,000. More generally, in other flow geometries such as the flow in a slit of thickness h , and for an average velocity U , we write
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              (2.18)

            
          

        
      

    


    Consider the typical orders of magnitude for a flow in an extruder:
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    The Reynolds number is small and often negligible compared to 1. This means that the inertia terms in general can be neglected with respect to the viscous force (we will observe a counterexample in the case of fiber spinning or in some injection conditions). Flow rates encountered in polymer processing are much lower than those corresponding to the transition from laminar to turbulent flow. We cannot, therefore, reach turbulent flows in polymer processing.


    
      
        	2.1.3.3 

        	Effect of Gravity
      

    


    If L is the height difference between the highest and lowest points of a given flow, the difference in the generated hydrostatic pressure is ρgL. It must be compared to the average shear stress due to the flow, ηU /h. Hence, the ratio of both terms is expressed as the following dimensionless number:
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              (2.19)

            
          

        
      

    


    With the previous values, this number is equal to 1/L. Hence, gravitational forces become significant when L is large compared to one meter. In practice, the gravitational mass forces are usually negligible for flows confined to small gap geometries (pumping zone of an extruder, mold). In the case of stretching operations that occur vertically and sometimes over large height differences, we must compare the mass force to elongational stresses (of the order of ηU /L), and the dimensionless number is then
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              (2.20)

            
          

        
      

    


    We will see in Chapter 9 several examples where the mass forces cannot be neglected.


    Remark: The Froude number is a conventional dimensionless number that characterizes the relative importance of the inertia and gravity term:
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              (2.21)

            
          

        
      

    


    It is found that the dimensionless number we have just defined is the ratio of the Froude and Reynolds numbers.


    
      
        	2.1.4 

        	Navier-Stokes Equations
      

    


    The dynamic equilibrium equations are
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              (2.22)

            
          

        
      

    


    or
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              (2.23)

            
          

        
      

    


    For an incompressible Newtonian fluid, [image: ] and [image: ], and knowing that ∇·u = 0, we hence obtain the Navier‒Stokes equation:
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              (2.24)

            
          

        
      

    


    We have seen that the inertia and gravitational forces are usually negligible. Hence, the Navier‒Stokes and the continuity equations form the following set of four equations with four unknowns, expressed in a Cartesian coordinate system:
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              (2.25)

            
          

        
      

    


    These are the Stokes equations that can be solved analytically in a number of simple situations (simple shear, uniaxial elongation). We will see some examples in the following section. We will develop approximation methods in Chapter 4 that are valid in two important practical cases: the lubrication (or Hele-Shaw) approximations for shear flows, and the membrane approximation in the problems of stretching. We briefly present in Chapter 4 numerical methods for solving these equations in more general flow situations.


    
      
        	2.1.5 

        	Problems
      

    


    
      
        	2.1.5.1 

        	Simple Shear Flow
      

    


    A plate moves at a velocity U in the x-direction relative to a fixed plate separated by a distance h , as shown in Figure 2.3. The pressure is assumed to be uniform in the surrounding medium, and the fluid sticks at the walls of the plates. The length and width of the plates are large compared to h.


    (a) Justify the kinematics assumption: u = (u(y), 0, 0).


    (b) Show that the pressure is uniform between the two planes and that the velocity profile is u(y) = Uy /h.


    (c) Calculate the corresponding flow rate per unit width.


     


    
      [image: ]

      Figure 2.3 Simple shear flow between parallel plates

    


    Solution:


    (a) The two plates being parallel, it can be assumed that there is no velocity component along y or z. Hence, [image: ]. The continuity equation [image: ] implies [image: ]. Thus, u is only a function of y.


    (b) The Stokes equations are reduced to
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              (2.26)

            
          

        
      

    


    The pressure is only a function of x and the velocity of y. Each term in the equation is thus a constant. As the pressure is equal to atmospheric pressure at both ends of the plate, it is constant everywhere. Therefore:


    
      
        
          
            	
              [image: ]

            

            	
              (2.27)

            
          

        
      

    


    It can be integrated with the boundary conditions u(0) = 0 and u(h) = U to obtain
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              (2.28)

            
          

        
      

    


    which is a linear profile.


    (c) The flow rate per unit width, q , is equal to
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              (2.29)

            
          

        
      

    


    
      
        	2.1.5.2 

        	Planar Pressure Flow
      

    


    Consider a flow between two fixed parallel plates of length L at a distance h apart, as illustrated in Figure 2.4. The length, L , and width, W , of the plates are large compared to h. A pressure drop Δp is established between the inlet (x = 0) and the outlet (x = L). The fluid sticks to the walls of the plate.


     


    
      [image: ]

      Figure 2.4 Planar pressure flow

    


    (a) Justify the kinematics assumption: u = (u(y), 0, 0).


    (b) Determine the pressure distribution p(x , y , z).


    (c) Determine the velocity profile, u(y), and the relationship between the volume flow rate Q and pressure drop Δp.


    Solution:


    (a) The same approach justifies the same kinematics assumption as in the previous problem.


    (b) The Stokes equations reduce to
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              (2.30)

            
          

        
      

    


    This is a partial differential equation with separable variables. One can separately integrate the two sides of the equation, which, using the boundary conditions [image: ] with [image: ], leads to
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              (2.31)

            
          

        
      

    


    Hence, the pressure varies linearly from the inlet to the outlet.


    (c) With the velocity boundary conditions, we obtain
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              (2.32)

            
          

        
      

    


    The velocity profile is parabolic, as shown in Figure 2.4. The flow rate is
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              (2.33)

            
          

        
      

    


    
      
        	2.1.5.3 

        	Superposition of a Simple Shear Flow and a Planar Pressure Flow
      

    


    We now superimpose the flows of Sections 2.1.5.1 and 2.1.5.2. The upper plate moves at velocity U (a negative value) in the x direction, and a pressure difference is established between the inlet and the outlet (Figure 2.5).


    (a) Identify successively the pressure profile p(x) and the velocity profile u(y). Show that it is the superposition of the velocity profiles of Sections 2.1.5.1 and 2.1.5.2.


    (b) Obtain the expression of the flow rate Q in terms of Δp and U. What is the condition that this flow rate is equal to zero? Illustrate, then, the velocity profile.


     


    
      [image: ]

      Figure 2.5 Superposition of a pressure flow and a shear flow

    


    Solution:


    (a) The kinematic assumptions are identical to the previous cases, and the Stokes equations reduce to the same equation (Eq. (2.30)). Considering the boundary conditions p(0) = Δp , p(L) = 0, u(0) = 0, and U(h) = U , we get
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              (2.34)

            
          

        
      

    


    This velocity profile is, therefore, the superposition of the profiles obtained for each of the previous simple flows.


    (b) It is the same for the flow rate, which is the sum of the two:
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              (2.35)

            
          

        
      

    


    Q = 0 implies [image: ] and thus
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              (2.36)

            
          

        
      

    


     


    
      [image: ]

      Figure 2.6 Velocity profile for the superposition of a shear flow and a pressure flow at zero flow rate

    


    Figure 2.6 depicts such a velocity profile for Δp = 1 MPa, L = 10 cm, h = 2 mm, and η = 103 Pa ·s.


    
      
        	2.1.5.4 

        	Pressure Flow in a Tube
      

    


    Consider a flow in a tube of radius R and length L as illustrated in Figure 2.7. It is assumed that the flow is symmetrical about Oz and uniform along z. A pressure difference, Δp , is established between the inlet and the outlet. In a cylindrical coordinate system, the velocity field is u = (0, 0, w(r)).


    (a) Determine the pressure distribution p(r , θ , z).


    (b) Determine the velocity profile, w(r), and the relationship between Δp and the volume flow rate Q.


     


    
      [image: ]

      Figure 2.7 Pressure flow in a tube

    


    Solution:


    (a) With the kinematic assumptions u = (0, 0, w(r)), the Stokes equations in cylindrical coordinates (see Appendix 1 in Chapter 1, Section 1.4) reduce to
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              (2.37)

            
          

        
      

    


    Integrating with the boundary conditions p(0) = Δp and p(L) = 0, we obtain for the pressure field
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              (2.38)

            
          

        
      

    


    (b) Integrating Eq. (2.37) for the velocity field with the boundary conditions w(R) = 0 and [image: ], we obtain
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              (2.39)
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              (2.40)

            
          

        
      

    


    The pressure decreases linearly between the inlet and the outlet, and the velocity profile is parabolic, as illustrated in Figure 2.7.


    
      
        	2.1.5.5 

        	Simple Shear between Two Parallel Disks
      

    


    A disk rotates at an angular velocity Ω0 (rad/s) relative to the other fixed disk, at distance h apart (Figure 1.9). We use the kinematics assumption of Section 1.1.4.2.3 in Chapter 1.


    (a) Show that the pressure is uniform and that [image: ].


    (b) What is the shear rate at each point?


    (c) Find the relationship between torque and rotational speed.


    Solution:


    (a) The kinematics assumption is [image: ]. The Stokes equations are
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              (2.42)

            
          

        
      

    


    The pressure, thus, depends only on θ. By symmetry, p is constant. Integrating and taking into account the boundary conditions, [image: ] and [image: ], we obtain
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    (b) The shear rate is
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              (2.44)

            
          

        
      

    


    (c) The shear stress, σθz , depends only on r: [image: ]. The torque C , acting for example on the fixed plate, is given by
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              (2.45)

            
          

        
      

    


    
      
        	2.1.5.6 

        	Couette Flow
      

    


    A cylinder of radius R1 and length L rotates at the angular velocity Ω0 within another cylinder of radius R2 and of the same length L (Figure 2.8). End effects are neglected.


    (a) Show that the pressure is uniform, and obtain the expressions of the velocity profile between the two cylinders and of the torque.


    (b) If the gap between radii R1 and R2 is small, the geometry of Figure 2.8 can be unwound to obtain a simple shear, as illustrated in Figure 2.1. What is the condition to impose on R1 and R2 so that the relative difference between the minimum shear rate and the maximum shear rate is less than 10 %?


     


    
      [image: ]

      Figure 2.8 Couette flow

    


    Solution:


    (a) According to Section 1.1.4.2.5, this is a simple shear flow. The kinematics assumption is u = (0, v(r), 0), and the Stokes equations reduce to
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              (2.46)

            
          

        
      

    


    Therefore, dp /dθ is constant and, for reasons of symmetry, the pressure is uniform. Hence, integrating and taking into account the boundary conditions, v(R1) = Ω0R1 and v(R2) = 0, we get
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              (2.48)

            
          

        
      

    


    (b) The shear rate is
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              (2.49)

            
          

        
      

    


    It decreases in absolute value, from the inner cylinder to the outer cylinder. For a difference of less than 10 % in the shear rate
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              (2.50)

            
          

        
      

    


    Writing R2 = αR1 , we must have α < 1.05.


    
      
        	2.1.5.7 

        	Flow in a Dihedron
      

    


    Consider a dihedron with angle 2α and width W , bounded by arcs of radius R0 and R1 as shown in Figure 2.9. A pressure difference Δp is imposed between the positions R1 and R0. In cylindrical coordinates, it is assumed that the velocity field is of the form u = (u(r ,θ), 0, 0).


    (a) Show that u(r , θ) = f(θ)/r.


    (b) Obtain the expressions for the velocity and pressure profiles and for the flow rate as a function of the pressure difference.


     


    
      [image: ]

      Figure 2.9 Converging flow in a dihedron

    


    Solution:


    (a) According to the kinematics assumption, the incompressibility condition (∇ · u = 0) yields
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    (b) The Stokes equations can be written as
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              (2.53)

            
          

        
      

    


    Solving for p by integrating the second equation and replacing in the first equation, we obtain after simplification
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              (2.54)

            
          

        
      

    


    This is integrated, taking into account the symmetry condition [image: ] and the boundary condition [image: ], to obtain
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              (2.55)

            
          

        
      

    


    where A is an integration constant. Equation (2.53) can be integrated to obtain p(r , θ). As a first approximation, we consider that the pressure at the entrance (r = R1) and on the axis (θ = 0) is Δp and at the exit (r = R0) is 0, which can be written as σrr (R1 , 0) = Δp and σrr (R0 , 0) = 0. The stress component σrr (r , θ) is obtained from the Newtonian behavior law. These boundary conditions lead to
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              (2.56)

            
          

        
      

    


    The flow rate is obtained from the integration of the velocity:
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        	2.1.5.8 

        	Flow in a Cone
      

    


    We consider a similar geometry as for Section 2.1.5.7, but with a cone of angle 2α (Figure 2.10). Using spherical coordinates, the following velocity field is assumed to be u = (u(r , θ), 0, 0).


    (a) Show that u(r , θ) = f(θ)/r2.


    (b) Obtain the expression for f(θ) and, then, the pressure with no-slip conditions on the walls of the cone.


     


    
      [image: ]

      Figure 2.10 Convergent flow in a cone

    


    Solution:


    (a) From the velocity field, the continuity equation with the incompressibility condition (∇ · u = 0) yields
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              (2.58)

            
          

        
      

    


    Hence, [image: ]. The Stokes equations can, then, be written as
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    (b) Integrating the second equation and eliminating the pressure in the first equation, we obtain after simplification
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    The integration of this equation using the symmetry condition f′(θ) = 0 and the boundary condition f (α) = 0 leads to f (θ) = A(cos2α − cos2θ), and the velocity field is
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              (2.61)

            
          

        
      

    


    where A is a constant of integration. With the same boundary conditions for the pressure as in Section 2.1.5.7, σrr (R1 , 0) = Δp and σrr (R0 , 0) = 0 we obtain
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              [image: ]

            

            	
              (2.63)

            
          

        
      

    


    
      
        	2.2 

        	Shear-Thinning Behavior
      

    


    
      
        	2.2.1 

        	Phenomenological Description
      

    


    If one carries out Newton’s experience with a molten polymer, it is observed that the relationship between the shear stress and the shear rate is no longer linear. The softening effect of the shear stress illustrated in Figure 2.11 when the shear rate increases is called shear thinning.


    The notion of a constant viscosity, as defined in the preceding section, thus no longer makes sense. However, one can always define a viscosity function of shear rate as the ratio
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    In general, the viscosity decreases as the shear rate increases, as shown in Figure 2.12. At low shear rates, a Newtonian plateau is often observed. At high shear rates, the viscosity appears to decrease linearly with the shear rate (in logarithmic coordinates).


    
      
        	2.2.2 

        	Rheological Models in One Dimension
      

    


    It is natural to represent the viscosity curve of Figure 2.12 by a mathematical expression. Several semiempirical expressions have been proposed in the literature.


     


    
      [image: ]

      Figure 2.11 Newton’s experience; comparison between a Newtonian fluid and a polymer melt
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      Figure 2.12 Viscosity as a function of shear rate for a polystyrene at 200 °C

    


    
      
        	2.2.2.1 

        	Power-Law Model
      

    


    The simplest is the power-law or Ostwald-de Waele model (Ostwald, 1925; de Waele, 1923). It is written as
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    where K is the consistency of the material (in Pa · sn), and n is the index of sensitivity to the rate of deformation, often referred to as the power-law index. The index n varies from 0 to 1 (n = 1 for Newtonian fluids, n = 0 for a rigid plastic body). It is observed that this model correctly describes the behavior of polymers at high shear rates (Figure 2.12). It offers the advantage of allowing analytical calculations in simple geometries (see Section 2.2.6). However, it has the disadvantage of not describing a Newtonian plateau and even predicts an infinite viscosity as the shear rate goes to zero.


    
      
        	2.2.2.2 

        	Cross Model
      

    


    The Cross model (Cross, 1965) can be expressed as
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    where λ is a characteristic time, η0 the Newtonian viscosity at low shear rates, η∞ a second Newtonian plateau at very high shear rates, and n the power-law index. This second Newtonian plateau was observed for polymers in solution, but not for polymer melts. In practice, for polymer processing, we set η∞ = 0. This model, like the Carreau model that we will define below, has the advantage to tend to be a power law at high shear rates.


    
      
        	2.2.2.3 

        	Carreau Model
      

    


    The Carreau model (Carreau, 1972) is defined by
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              (2.67)

            
          

        
      

    


    where λ , η0 , η∞ , and n have the same meaning as above. A significant improvement was made to the Carreau model by Yasuda et al. in 1981 in the form
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    The parameter a allows us to adjust the more or less rapid transition between the Newtonian plateau and the power-law region.


    Other types of viscosity models have been proposed in the literature. More important are the number of parameters to be adjusted and how accurately these models can describe changes in the viscosity with shear rate. Note, however, except for the power-law model, that their use requires numerical calculations even for flows in simple geometries.


    
      
        	2.2.3 

        	Physical Explanation of the Shear-Thinning Behavior of Polymers
      

    


    With the concept of entanglements, the shear-thinning behavior was interpreted by Graessley (1967) and Bueche (1968) in the late 1960s. Two macromolecules can be entangled if the distance between their centers of gravity is less than twice their radius of gyration, [image: ], where a is the length of the monomer and n the number of monomers in the chain. During a shear flow, the spheres of influence of two molecules intersect only for a limited time, as shown in Figure 2.13. For two molecules moving on lines spaced by d , the contact time is


    
      
        
          
            	
              [image: ]

            

            	
              (2.69)

            
          

        
      

    


     


    
      [image: ]

      Figure 2.13 Interaction between macromolecules

    


    It is, then, necessary to involve the concept of duration of molecular motions. We will see in Section 2.4 that a time of the order of the characteristic relaxation time λ is required to affect the motion of the entire molecule. However, the formation of an entanglement or its destruction requires an overall molecular motion, and, as a first approximation, the following can therefore be assumed:


    
      	
        If the spheres of influence of two molecules intersect during a contact time of less than λ , an entanglement does not have time to be formed.

      


      	
        If this time exceeds λ , an entanglement actually is created.

      


      	
        Finally, an existing entanglement needs a time λ to disappear after leaving the spheres of influence.

      

    


    From these phenomenological considerations, it is clear that the entanglement density in the liquid depends on the shear rate:


    
      	
        If [image: ] ≪ 1/λ , then t ≫ λ , ∀d < 2R. Under these conditions, the density of entanglements is practically that which exists in the liquid at rest in equilibrium.

      


      	
        If [image: ] ≫ 1/λ , then t ≪ λ , ∀d < 2R. Under these conditions, the density of entanglements tends to zero. However, the viscosity is the largest as the entanglement density is the highest. The viscosity, therefore, decreases with shear rate, the decrease actually being observed only when [image: ] reaches the magnitude of 1/λ. This is actually the value of 1/λ for which the Carreau and Cross models describe the transition between the Newtonian plateau and the power-law region.

      

    


    
      
        	2.2.4 

        	Three-Dimensional Constitutive Equations
      

    


    Three-dimensional constitutive equations for purely viscous fluids have the following form:
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              (2.70)

            
          

        
      

    


    where σ′ is the deviatoric stress tensor. For example, the Newtonian behavior is described by [image: ].


    For a shear-thinning fluid obeying a power law, we introduce a generalized shear rate (see Appendix 2 in Chapter 1, Section 1.4.2):
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              (2.71)
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              (2.72)

            
          

        
      

    


    If we consider the case of simple shear,
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              (2.73)

            
          

        
      

    


    and consequently
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              (2.74)

            
          

        
      

    


    We recover the form of the shear stress plotted in Figure 2.11: [image: ]. It is also observed that, like the Newton law, the power-law expression does not predict any normal stress difference in simple shear.


    The Carreau‒Yasuda model can be written in the following generalized form:
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              (2.75)

            
          

        
      

    


    More generally, any model defined in one dimension by any relationship between the shear stress and shear rate, [image: ], can be generalized to three dimensions as
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              (2.76)

            
          

        
      

    


    
      
        	2.2.5 

        	Applications of the Power Law to Simple Flows
      

    


    
      
        	2.2.5.1 

        	Simple Shear Flow
      

    


    Consider a simple shear flow with u varying from 0 to U at the upper plate, as illustrated in Figure 2.14(a). As in the Newtonian case, the velocity field is assumed to be of the form u = (u(y), 0, 0). The pressure is assumed to be uniform in the surrounding medium. Details for this solution are presented in Section 2.2.6.1. It is shown that the pressure is uniform in the flow and the velocity profile is linear, varying monotonously from 0 to U , as shown in Figure 2.14(a), regardless of the power-law index n , except for n = 0. In this case, the velocity is arbitrary and may be, for example, discontinuous of the type u = 0 if y < yD and u = U if y > yD (yD being undetermined between 0 and h), as described by Figure 2.14(b).


    Apart from this particular case, the velocity field is identical to that obtained in the Newtonian case (Section 2.1.5.1). However, the shear stress will be different for the shear-thinning and Newtonian cases.


     


    
      [image: ]

      Figure 2.14 Velocity field in simple shear of a shear-thinning fluid: (a) n ≠ 0, (b) n = 0

    


    
      
        	2.2.5.2 

        	Pressure Flow in a Tube
      

    


    Consider the flow of a shear-thinning fluid in a tube of radius R and length L , under an imposed pressure drop Δp (Figure 2.7). The solution is presented in Section 2.2.6.2. We obtain a flow under a constant pressure gradient, [image: ].


    The expression for the velocity profile is given by
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              (2.77)

            
          

        
      

    


    and the flow rate is
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              (2.78)

            
          

        
      

    


    We deduce the shear rate at the wall:
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              (2.79)

            
          

        
      

    


     


    
      [image: ]

      Figure 2.15 Variations of the velocity profile as a function of the power-law index, n , for a fixed flow rate

    


    Figure 2.15 shows that for a given flow rate the velocity profile becomes flattened as n decreases from 1 to 0. For low values of n , it is difficult to distinguish between a shear-thinning flow with zero velocity at the walls and a flow with homogeneous velocity and slip at the walls.


    Figure 2.16 shows the strong dependence of the pressure drop on the power-law index, n , for a constant volume flow rate, Q. The assumption of Newtonian behavior (with η = K) would lead to considerably overestimating the forces exerted on the equipment. The shear-thinning behavior appears as a major phenomenon that cannot be ignored to understand the flow in polymer processing.


     


    
      [image: ]

      Figure 2.16 Increase of the pressure drop, Δp , with the power-law index, n (R = 2 mm; L = 10 cm; Q = 1.25 cm3·s−1; K = 104 Pa·sn)

    


    
      
        	2.2.6 

        	Problems in Power-Law Fluids
      

    


    We extend here to power-law fluids a number of problems already presented in the case of Newtonian fluids.


    
      
        	2.2.6.1 

        	Simple Shear Flow between Parallel Plates
      

    


    Consider a simple shear flow with u varying from 0 to U in the gap h (Figure 2.3). The pressure is assumed to be uniform in the surrounding medium. Define for a polymer obeying a power law the velocity field and the pressure in the flow.


    Solution:


    As in the Newtonian case, the velocity field is u = (u(y), 0, 0).


    The stress tensor is for du /dy > 0:
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              (2.80)

            
          

        
      

    


    The dynamic equilibrium equations give
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              (2.81)

            
          

        
      

    


    From the last two equations we know that the pressure depends only on x and, therefore, the first equation can be written as
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              (2.82)

            
          

        
      

    


    As u is only a function of y , we have
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              (2.83)

            
          

        
      

    


    and this constant is zero because the pressure is uniform in the surrounding medium. The velocity profile, which is established in a shear flow, is therefore linear regardless of the power-law index, n , except for n = 0 (Figure 2.14).


    
      
        	2.2.6.2 

        	Pressure Flow in a Tube
      

    


    Consider the flow of a power-law fluid in a tube of radius R and length L. A pressure difference Δp is established between the inlet and the outlet (Figure 2.7).


    (a) Determine the pressure distribution p(r , θ , z).


    (b) Determine the velocity profile, w(r), and the relationship between Δp and the volume flow rate, Q.


    Solution:


    (a) In an cylindrical reference frame, the velocity field can be written, u = (0, 0, w(r)), with the rate-of-strain tensor [image: ] and the stress tensor σ given respectively by
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              (2.84)

            
          

        
      

    


    The dynamic equilibrium equations are written (see Appendix 1 in Chapter 1, Section 1.4):
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              (2.85)

            
          

        
      

    


    From the first two equations, the pressure depends only on z , and the third equation is thus
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              (2.86)

            
          

        
      

    


    Knowing the value of the pressure drop, one can determine the constant:
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              (2.87)

            
          

        
      

    


    (b) Assuming dw /dr < 0 (by reference to the Newtonian case), we can integrate Eq. (2.86) to obtain
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              (2.88)

            
          

        
      

    


    The volume flow rate is then
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              (2.89)

            
          

        
      

    


    Introducing the average velocity [image: ], the velocity profile can be written as
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              (2.90)

            
          

        
      

    


    We deduce the wall shear rate:
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              (2.91)

            
          

        
      

    


    
      
        	2.2.6.3 

        	Planar Pressure Flow
      

    


    Consider the same kinematics assumption and the same boundary conditions as in Section 2.1.5.2.


    (a) Show that the pressure distribution is unchanged with respect to the Newtonian case.


    (b) Determine the expression for the velocity profile and the relationship between the flow rate, Q , and the pressure difference, Δp.


    Solution:


    (a) The kinematics assumption is identical to that used in Section 2.1.5.2. The dynamic equilibrium equations reduce to
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              (2.92)

            
          

        
      

    


    We thus obtain the same linear pressure variation as in the Newtonian case.


    (b) To find the velocity field, we note that due to symmetry du /dy is positive for 0 < y < h / 2. Hence, we get
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              (2.93)
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              (2.94)

            
          

        
      

    


    
      
        	2.2.6.4 

        	Superposition of a Simple Shear Flow and a Planar Pressure Flow
      

    


    We consider the same situation as in Section 2.1.5.3. The existence of an absolute value in the expression of the stress tensor for a power-law fluid forces us to solve two different equations depending on the position relative to the maximum velocity y*, as illustrated in Figure 2.17.


     


    
      [image: ]

      Figure 2.17 Superimposed pressure flow and shear flow for a power-law fluid

    


    This value of y* is a priori unknown, but it may be determined by making use of the continuity of the velocity at y = y*. The following will be shown:
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