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			Preface

			Welcome to “Understanding Analysis: A Comprehensive Introduction for Undergraduate Students,” a meticulously crafted guide designed to demystify the captivating field of mathematical analysis for undergraduate students in the United States. Analysis is a cornerstone of modern mathematics, providing the rigorous framework for understanding and exploring the concepts of limits, continuity, differentiation, integration, and beyond.

			This book is intended to serve as a friendly and accessible companion on your journey through the world of analysis. We begin by laying down the foundational concepts of analysis, starting with the basic notions of sets, functions, and real numbers. From there, we delve into the core topics of calculus, exploring limits, continuity, differentiation, and integration with clarity and precision.

			Throughout the text, we emphasize the importance of intuition and conceptual understanding, providing intuitive explanations, illustrative examples, and practical exercises to reinforce your learning. We also highlight the historical context and significance of key results and theorems, connecting the abstract concepts of analysis to their real-world applications and implications.

			Whether you are a mathematics major, an aspiring scientist or engineer, or simply a curious student eager to deepen your mathematical understanding, this book will serve as your indispensable guide to mastering the principles and techniques of analysis. Join us as we embark on this enriching journey into the fascinating world of analysis together.
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			Chapter-1

			Introduction to Analysis

			1.1	What is Analysis?

			Analysis is a branch of mathematics that deals with the study of limits, continuity, differentiation, and integration of functions, as well as their applications. It is a fundamental field that provides the theoretical foundation for calculus and serves as a crucial tool in many areas of science, engineering, economics, and other disciplines.

			Analysis is concerned with the behavior of functions and their properties, particularly in the context of real and complex numbers. It explores the concepts of limits, which allow us to understand the behavior of functions as their inputs approach certain values. This leads to the study of continuity, where we examine the conditions under which a function remains well-behaved and free from abrupt jumps or discontinuities.

			Differentiation, a central topic in analysis, focuses on the rates of change of functions. It provides techniques for finding the derivatives of functions, which represent the instantaneous rates of change at specific points. Derivatives are essential for understanding the behavior of functions, optimizing problems, and solving differential equations.

			Integration, the inverse process of differentiation, is another fundamental aspect of analysis. It deals with the accumulation of quantities over an interval, leading to the evaluation of areas, volumes, and other geometric and physical quantities. The Fundamental Theorem of Calculus, a cornerstone of analysis, establishes the relationship between differentiation and integration.

			Analysis also encompasses the study of sequences and series, which are essential for understanding the behavior of functions and solving various problems. Sequences are ordered lists of numbers, while series are the sums of the terms of a sequence. Convergence, a key concept in analysis, determines whether a sequence or series approaches a specific value or diverges.

			Furthermore, analysis extends to more advanced topics such as metric spaces, multivariable calculus, differential equations, complex analysis, measure theory, functional analysis, and topology. These areas provide a deeper understanding of the properties of functions and their applications in various fields.

			

			Overall, analysis is a powerful and versatile branch of mathematics that provides the tools and techniques necessary for understanding the behavior of functions, solving mathematical problems, and modeling real-world phenomena.

			1.2	The Real Number System

			The real number system is the foundational number system in analysis and plays a crucial role in studying the properties of functions and their behavior. It is an ordered set of numbers that includes all rational and irrational numbers, extending from negative infinity to positive infinity.

			The real number system consists of several subsets:

			1. Natural Numbers (N): The counting numbers {1, 2, 3, ...}.

			2. Integers (Z): The set of positive and negative whole numbers, as well as zero {..., -2, -1, 0, 1, 2, ...}.

			3. Rational Numbers (Q): Numbers that can be expressed as a ratio of two integers (p/q, where q ≠ 0).

			4. Irrational Numbers: Numbers that cannot be expressed as a ratio of two integers, such as √2, π, and e.

			The real number system has several important properties:

			1. Completeness: The real number system is complete, meaning that every non-empty set of real numbers that is bounded above has a least upper bound (supremum), and every non-empty set of real numbers that is bounded below has a greatest lower bound (infimum).

			2. Density: Between any two distinct real numbers, there exists another real number.

			3. Archimedean Property: For any positive real number, there exists a natural number greater than it.

			4. Order: Real numbers can be arranged in a specific order from smallest to largest or vice versa.

			The real number system forms the basis for analyzing the behavior of functions, as functions are typically defined on subsets of the real number system. The properties of the real number system, such as completeness and density, ensure that functions can be studied and analyzed in a rigorous and comprehensive manner.

			In analysis, the real number system is essential for understanding concepts like limits, continuity, differentiation, and integration. The properties of real numbers allow for the precise definition and calculation of these concepts, enabling the development of powerful analytical tools and techniques.

			Solved Examples:

			1. Prove that the square root of 2 (√2) is an irrational number.

			   Proof:

			   Assume, for the sake of contradiction, that √2 is a rational number. This means that √2 can be expressed as a ratio of two integers, p/q, where p and q are integers, and q ≠ 0.

			   We can write √2 = p/q, which implies 2 = (p/q)^2 = p^2/q^2.

			   Squaring both sides, we get 2q^2 = p^2.

			   This means that p^2 is an even number (since 2q^2 is even).

			   For an integer to have an even square, the integer itself must be even.

			   Therefore, p must be an even number. Let p = 2r, where r is an integer.

			   Substituting p = 2r into the equation 2q^2 = p^2, we get 2q^2 = (2r)^2 = 4r^2.

			   Dividing both sides by 2, we get q^2 = 2r^2.

			

			   This implies that q^2 is an even number, and consequently, q must be an even number as well.

			   However, if both p and q are even numbers, then their ratio p/q can be reduced to a simpler form by dividing both the numerator and denominator by 2.

			   This contradicts the assumption that p/q is the simplest form of the rational representation of √2.

			   Therefore, our initial assumption that √2 is a rational number must be false, and we conclude that √2 is an irrational number.

			2. Find the least upper bound (supremum) and the greatest lower bound (infimum) of the set A = {x ∈ R | x^2 < 4}.

			   Solution:

			   To find the least upper bound (supremum) and the greatest lower bound (infimum) of the set A, we need to consider the elements in the set and their properties.

			   The set A = {x ∈ R | x^2 < 4} represents all real numbers x such that x^2 is less than 4.

			   Step 1: Find the greatest lower bound (infimum).

			   The greatest lower bound is the largest real number that is less than or equal to every element in the set A.

			   Since x^2 < 4 implies -2 < x < 2, the greatest lower bound of A is -2.

			   Therefore, the infimum of A is -2.

			   Step 2: Find the least upper bound (supremum).

			   The least upper bound is the smallest real number that is greater than or equal to every element in the set A.

			   Since x^2 < 4 implies -2 < x < 2, the least upper bound of A is 2.

			   Therefore, the supremum of A is 2.

			   In summary, for the set A = {x ∈ R | x^2 < 4}:

			   Greatest lower bound (infimum) = -2

			   Least upper bound (supremum) = 2

			Practice Problems:

			1. Prove that the number √3 is irrational.

			2. Find the least upper bound (supremum) and the greatest lower bound (infimum) of the set B = {x ∈ R | x^2 ≤ 9}.

			3. Determine whether the following numbers are rational or irrational: π, e, √5, 0.3333...

			Solutions:

			1. Proof that √3 is irrational:

			   Assume, for the sake of contradiction, that √3 is a rational number. This means that √3 can be expressed as a ratio of two integers, p/q, where p and q are integers, and q ≠ 0.

			   We can write √3 = p/q, which implies 3 = (p/q)^2 = p^2/q^2.

			   Squaring both sides, we get 3q^2 = p^2.

			   This means that p^2 is divisible by 3.

			   For an integer to have a square divisible by 3, the integer itself must be divisible by 3.

			   Therefore, p must be divisible by 3. Let p = 3r, where r is an integer.

			   Substituting p = 3r into the equation 3q^2 = p^2, we get 3q^2 = (3r)^2 = 9r^2.

			   Dividing both sides by 3, we get q^2 = 3r^2.

			   This implies that q^2 is divisible by 3, and consequently, q must be divisible by 3 as well.

			   However, if both p and q are divisible by 3, then their ratio p/q can be reduced to a simpler form by dividing both the numerator and denominator by 3.

			   This contradicts the assumption that p/q is the simplest form of the rational representation of √3.

			

			   Therefore, our initial assumption that √3 is a rational number must be false, and we conclude that √3 is an irrational number.

			2. For the set B = {x ∈ R | x^2 ≤ 9}:

			   Greatest lower bound (infimum) = -3 (since x^2 ≤ 9 implies -3 ≤ x ≤ 3)

			   Least upper bound (supremum) = 3 (since x^2 ≤ 9 implies -3 ≤ x ≤ 3)

			3. Determine whether the following numbers are rational or irrational:

			   - π (pi) is irrational.

			   - e is irrational.

			   - √5 is irrational.

			   - 0.3333... is a rational number (it can be expressed as 1/3 in fraction form).

			1.3	Mathematical Induction

			Mathematical induction is a powerful technique used to prove statements involving natural numbers or certain types of sequences and recursively defined structures. It is based on the principle of establishing a base case and then using a logical step to extend the proof from one case to the next.

			The principle of mathematical induction consists of two main steps:

			1. Base Case: Verify that the statement is true for the smallest or initial case, typically when n = 1 or n = 0.

			2. Inductive Step: Assume that the statement is true for some arbitrary value of n = k, and then use this assumption to prove that the statement must also be true for n = k + 1.

			If both the base case and the inductive step are proven to be true, then the statement holds for all natural numbers greater than or equal to the base case.

			Mathematical induction is widely used in various areas of mathematics, including combinatorics, number theory, algebra, and computer science. It is particularly useful for proving statements involving summations, recurrence relations, and properties of sequences and series.

			Solved Example:

			Prove that the sum of the first n odd natural numbers is n^2.

			Solution:

			Let P(n) be the statement: “The sum of the first n odd natural numbers is n^2.”

			Base Case: For n = 1, P(1) is true because the sum of the first odd natural number (1) is 1^2 = 1.

			Inductive Step: Assume that P(k) is true for some arbitrary natural number k, meaning that the sum of the first k odd natural numbers is k^2.

			We need to prove that P(k + 1) is also true, which means that the sum of the first (k + 1) odd natural numbers is (k + 1)^2.

			Let S(k + 1) denote the sum of the first (k + 1) odd natural numbers.

			S(k + 1) = (Sum of the first k odd natural numbers) + (k + 1)th odd natural number

			S(k + 1) = k^2 + (2k + 1) (By the inductive hypothesis and the fact that the (k + 1)th odd natural number is 2k + 1)

			S(k + 1) = k^2 + 2k + 1

			S(k + 1) = (k + 1)^2 (Expanding the square)

			Therefore, if P(k) is true, then P(k + 1) is also true.

			Since we have proven the base case (P(1) is true) and the inductive step (if P(k) is true, then P(k + 1) is also true), by the principle of mathematical induction, we can conclude that the statement P(n) is true for all natural numbers n.

			

			Hence, the sum of the first n odd natural numbers is n^2.

			Practice Problems:

			1. Use mathematical induction to prove that 1 + 3 + 5 + ... + (2n - 1) = n^2 for all natural numbers n.

			2. Prove by mathematical induction that 2^n > n for all natural numbers n ≥ 4.

			3. Show that the sum of the first n even natural numbers is n(n + 1) using the principle of mathematical induction.

			Solutions:

			1. Proof that 1 + 3 + 5 + ... + (2n - 1) = n^2 for all natural numbers n:

			   Let P(n) be the statement: “1 + 3 + 5 + ... + (2n - 1) = n^2”

			   Base Case: For n = 1, P(1) is true because 1 = 1^2.

			   Inductive Step: Assume that P(k) is true for some arbitrary natural number k, meaning that 1 + 3 + 5 + ... + (2k - 1) = k^2.

			   We need to prove that P(k + 1) is also true, which means that 1 + 3 + 5 + ... + (2k - 1) + (2(k + 1) - 1) = (k + 1)^2.

			   Let S(k + 1) denote the sum 1 + 3 + 5 + ... + (2k - 1) + (2(k + 1) - 1).

			   S(k + 1) = (1 + 3 + 5 + ... + (2k - 1)) + (2(k + 1) - 1)

			   S(k + 1) = k^2 + (2k + 1) (By the inductive hypothesis and the fact that (2(k + 1) - 1) = 2k + 1)

			   S(k + 1) = k^2 + 2k + 1

			   S(k + 1) = (k + 1)^2 (Expanding the square)

			   Therefore, if P(k) is true, then P(k + 1) is also true.

			   Since we have proven the base case (P(1) is true) and the inductive step (if P(k) is true, then P(k + 1) is also true), by the principle of mathematical induction, we can conclude that the statement P(n) is true for all natural numbers n.

			   Hence, 1 + 3 + 5 + ... + (2n - 1) = n^2 for all natural numbers n.

			2. Proof that 2^n > n for all natural numbers n ≥ 4:

			   Let P(n) be the statement: “2^n > n for n ≥ 4”

			   Base Case: For n = 4, P(4) is true because 2^4 = 16 > 4.

			   Inductive Step: Assume that P(k) is true for some arbitrary natural number k ≥ 4, meaning that 2^k > k.

			   We need to prove that P(k + 1) is also true, which means that 2^(k + 1) > k + 1.

			   Since P(k) is true, we know that 2^k > k.

			   Multiplying both sides by 2, we get 2 × 2^k > 2k.

			   Therefore, 2^(k + 1) > 2k.

			   Since k ≥ 4, we have 2k > k + 1 (because 2k ≥ 8 > k + 1 for k ≥ 4).

			   Combining the two inequalities, we get 2^(k + 1) > 2k > k + 1.

			   Therefore, if P(k) is true, then P(k + 1) is also true.

			   Since we have proven the base case (P(4) is true) and the inductive step (if P(k) is true, then P(k + 1) is also true), by the principle of mathematical induction, we can conclude that the statement P(n) is true for all natural numbers n ≥ 4.

			   Hence, 2^n > n for all natural numbers n ≥ 4.

			3. Proof that the sum of the first n even natural numbers is n(n + 1):

			   Let P(n) be the statement: “The sum of the first n even natural numbers is n(n + 1).”

			   Base Case: For n = 1, P(1) is true because the sum of the first even natural number (2) is 2 = 1(1 + 1).

			

			   Inductive Step: Assume that P(k) is true for some arbitrary natural number k, meaning that the sum of the first k even natural numbers is k(k + 1).

			   We need to prove that P(k + 1) is also true, which means that the sum of the first (k + 1) even natural numbers is (k + 1)((k + 1) + 1).

			   Let S(k + 1) denote the sum of the first (k + 1) even natural numbers.

			   S(k + 1) = (Sum of the first k even natural numbers) + (k + 1)th even natural number

			   S(k + 1) = k(k + 1) + 2(k + 1) (By the inductive hypothesis and the fact that the (k + 1)th even natural number is 2(k + 1))

			   S(k + 1) = k^2 + k + 2k + 2

			   S(k + 1) = (k + 1)(k + 2)

			   S(k + 1) = (k + 1)((k + 1) + 1)

			   Therefore, if P(k) is true, then P(k + 1) is also true.

			   Since we have proven the base case (P(1) is true) and the inductive step (if P(k) is true, then P(k + 1) is also true), by the principle of mathematical induction, we can conclude that the statement P(n) is true for all natural numbers n.

			   Hence, the sum of the first n even natural numbers is n(n + 1).

			1.4	Sets and Set Operations

			Sets are fundamental concepts in mathematics and play a crucial role in analysis. A set is a collection of distinct objects, which are called elements or members of the set. Sets are used to organize and group objects based on specific properties or characteristics.

			Set Notation:

			Sets are typically denoted using curly braces {} or a descriptive statement. For example, the set of natural numbers less than 5 can be written as {1, 2, 3, 4} or the set of all even integers.

			Set Operations:

			Various operations can be performed on sets, including union, intersection, complement, and difference. These operations allow us to combine, intersect, or exclude elements from sets based on specific criteria.

			1. Union (∪): The union of two sets A and B is the set of all elements that belong to either A or B, or both. It is denoted as A ∪ B.

			   Example: If A = {1, 2, 3} and B = {3, 4, 5}, then A ∪ B = {1, 2, 3, 4, 5}.

			2. Intersection (∩): The intersection of two sets A and B is the set of all elements that belong to both A and B. It is denoted as A ∩ B.

			   Example: If A = {1, 2, 3} and B = {3, 4, 5}, then A ∩ B = {3}.

			3. Complement (A’): The complement of a set A, denoted as A’, is the set of all elements in the universal set U that are not in A.

			   Example: If U = {1, 2, 3, 4, 5} and A = {1, 3, 5}, then A’ = {2, 4}.

			4. Difference (A - B): The difference between two sets A and B, denoted as A - B, is the set of all elements that belong to A but not to B.

			   Example: If A = {1, 2, 3} and B = {3, 4, 5}, then A - B = {1, 2}.

			Set Operations and Venn Diagrams:

			Venn diagrams are visual representations of sets and their relationships, using overlapping circles or other shapes. They are useful for understanding and illustrating set operations and the relationships between sets.
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			Fig. 1.1 Set Operations 

			https://search.app.goo.gl/Q68sk4F

			Solved Example:

			Given the sets A = {1, 2, 3, 4}, B = {3, 4, 5, 6}, and C = {4, 5, 6, 7}, find:

			a) A ∪ B

			b) B ∩ C

			c) (A ∪ B) ∩ C

			Solution:

			a) A ∪ B = {1, 2, 3, 4, 5, 6}

			b) B ∩ C = {4, 5, 6}

			c) (A ∪ B) ∩ C = {4, 5, 6}

			Practice Problems:

			1. Let A = {2, 4, 6, 8} and B = {3, 6, 9, 12}. Find:

			   a) A ∪ B

			   b) A ∩ B

			   c) A - B

			   d) B - A

			2. If U = {1, 2, 3, 4, 5, 6, 7, 8} and A = {2, 4, 6, 8}, find the complement of A, denoted as A’.

			3. Represent the sets A = {1, 2, 3}, B = {2, 3, 4}, and C = {3, 4, 5} using a Venn diagram, and shade the region representing (A ∩ B) ∪ C.

			Solutions:

			1. a) A ∪ B = {2, 3, 4, 6, 8, 9, 12}

			   b) A ∩ B = {6}

			   c) A - B = {2, 4, 8}

			   d) B - A = {3, 9, 12}

			2. A’ = {1, 3, 5, 7}

			3. Venn diagram representation:

			```

			         ┌───┐

			         │ 1 │

			    ┌───┐└─────┘

			    │ 2 │   3

			┌───┼───┼───┐

			│ 4 │ 5 │ 6 │

			└───┘   └───┘

			         7

			```

			The shaded region represents (A ∩ B) ∪ C = {2, 3, 4, 5}.

			1.5	Finite and Infinite Sets

			Sets can be classified as either finite or infinite based on the number of elements they contain.

			Finite Sets:

			A set is considered finite if it contains a specific, countable number of elements. In other words, a finite set has a fixed number of elements that can be listed or enumerated.

			

			Examples of finite sets:

			- The set of natural numbers less than 10: {1, 2, 3, 4, 5, 6, 7, 8, 9}

			- The set of vowels in the English alphabet: {a, e, i, o, u}

			- The set of days in a week: {Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday}

			Properties of finite sets:

			- Finite sets have a definite number of elements.

			- The number of elements in a finite set is called the cardinality of the set.

			- Finite sets can be empty, containing no elements, or they can have a specific number of elements.

			Infinite Sets:

			A set is considered infinite if it contains an unlimited or unbounded number of elements. In other words, an infinite set has elements that cannot be listed or enumerated completely, as the set continues without an end.

			Examples of infinite sets:

			- The set of natural numbers: {1, 2, 3, 4, ...}

			- The set of integers: {..., -3, -2, -1, 0, 1, 2, 3, ...}

			- The set of real numbers

			Properties of infinite sets:

			- Infinite sets have an unlimited or unbounded number of elements.

			- Infinite sets can be countable (e.g., the set of natural numbers) or uncountable (e.g., the set of real numbers).

			- Infinite sets can be proper subsets of other infinite sets (e.g., the set of natural numbers is a proper subset of the set of integers).

			The distinction between finite and infinite sets is crucial in analysis, as different properties and techniques apply to each type of set. Understanding the concepts of finiteness and infiniteness is essential for working with sets, sequences, series, and various other topics in analysis.
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			Fig. 1.2 Finite And Infinite Sets

			https://search.app.goo.gl/X2Tpc1G

			Solved Example:

			Determine whether the following sets are finite or infinite:

			a) The set of positive even integers less than 20.

			b) The set of all prime numbers.

			Solution:

			a) The set of positive even integers less than 20 is finite.

			   This set can be listed as: {2, 4, 6, 8, 10, 12, 14, 16, 18}.

			   It contains a specific, countable number of elements.

			b) The set of all prime numbers is infinite.

			   Prime numbers are numbers greater than 1 that are only divisible by 1 and themselves.

			   There is no upper limit on prime numbers, as they continue indefinitely. Therefore, the set of all prime numbers is an infinite set.

			

			Practice Problems:

			1. Determine whether the following sets are finite or infinite:

			   a) The set of all integers between -10 and 10 (inclusive).

			   b) The set of all fractions that can be written with a denominator of 5.

			2. Given the set A = {x ∈ R | x^2 < 16}, is A a finite or infinite set? Explain your reasoning.

			3. Prove that the set of even integers is an infinite set.

			1.6	Countable and Uncountable Sets

			Infinite sets can be further classified as either countable or uncountable, based on their cardinality (the size or the number of elements in the set).

			Countable Sets:

			A set is said to be countable if its elements can be put into a one-to-one correspondence with the set of natural numbers. In other words, the elements of a countable set can be listed or enumerated in a sequence, even if the list is infinite.

			Examples of countable sets:

			- The set of natural numbers: {1, 2, 3, 4, ...}

			- The set of integers: {..., -3, -2, -1, 0, 1, 2, 3, ...}

			- The set of rational numbers (fractions)

			Properties of countable sets:

			- Countable sets can be finite or infinite.

			- The elements of a countable set can be listed or enumerated in a sequence, even if the sequence is infinite.

			- Countable sets can be put into a one-to-one correspondence with the set of natural numbers.

			Uncountable Sets:

			A set is said to be uncountable if its elements cannot be put into a one-to-one correspondence with the set of natural numbers. In other words, the elements of an uncountable set cannot be listed or enumerated in a sequence, even if the set is infinite.

			Examples of uncountable sets:

			- The set of real numbers

			- The set of points on a line segment

			- The set of all possible infinitely long sequences of 0s and 1s

			Properties of uncountable sets:

			- Uncountable sets are always infinite.

			- The elements of an uncountable set cannot be listed or enumerated in a sequence.

			- Uncountable sets cannot be put into a one-to-one correspondence with the set of natural numbers.

			The distinction between countable and uncountable sets is fundamental in analysis, as it has implications for the study of sequences, series, and various other topics. Uncountable sets often require different techniques and approaches compared to countable sets.

			[image: ]

			Fig. 1.3 Uncountable Sets
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			Solved Example:

			Determine whether the following sets are countable or uncountable:

			a) The set of even integers.

			b) The set of all subsets of the set {1, 2, 3}.

			Solution:

			a) The set of even integers is countable.

			   The even integers can be listed or enumerated in a sequence as follows: {0, 2, -2, 4, -4, 6, -6, ...}

			   This sequence establishes a one-to-one correspondence between the set of even integers and the set of natural numbers.

			b) The set of all subsets of the set {1, 2, 3} is countable.

			   The subsets of {1, 2, 3} are: {}, {1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}, {1, 2, 3}

			   There are 8 subsets in total, which is a finite number.

			   Since the set is finite, it is countable.

			Practice Problems:

			1. Determine whether the set of rational numbers between 0 and 1 is countable or uncountable. Justify your answer.

			2. Prove that the set of real numbers is uncountable.

			3. Given the set A = {x ∈ R | 0 < x < 1}, is A a countable or uncountable set? Explain your reasoning.

			Solutions:

			1. The set of rational numbers between 0 and 1 is countable.

			   Proof: We can list all the rational numbers between 0 and 1 in a specific order, establishing a one-to-one correspondence with the set of natural numbers.

			   For example, we can list them as follows: 1/2, 1/3, 2/3, 1/4, 3/4, 1/5, 2/5, 3/5, 4/5, ...

			   Since we can enumerate the rational numbers between 0 and 1 in a sequence, the set is countable.

			2. Proof that the set of real numbers is uncountable:

			   Assume, for the sake of contradiction, that the set of real numbers is countable. This means that we can list all the real numbers in a sequence.

			   Let’s assume this sequence is: r1, r2, r3, r4, ...

			   Consider the real number x constructed as follows:

			   x = 0.d1d2d3d4...

			   where di ≠ ri (the ith decimal digit of x is chosen to be different from the ith decimal digit of ri)

			   By construction, x is a real number that is different from every number in the assumed sequence.

			   This contradicts the initial assumption that the sequence contains all real numbers.

			   Therefore, our assumption that the set of real numbers is countable must be false, and we conclude that the set of real numbers is uncountable.

			3. The set A = {x ∈ R | 0 < x < 1} is an uncountable set.

			   Proof: The set A is a subset of the set of real numbers between 0 and 1.

			   Since the set of real numbers is uncountable (as proven in the previous problem), and A is a proper subset of the set of real numbers, A must also be uncountable.

			   If A were countable, it would contradict the fact that the set of real numbers is uncountable, as a countable subset of an uncountable set cannot exist.

			   Therefore, the set A = {x ∈ R | 0 < x < 1} is an uncountable set.

			

			1.7	Functions and Their Properties

			Functions are fundamental concepts in analysis and play a vital role in the study of various mathematical concepts and real-world applications.

			Definition of a Function:

			A function is a rule or a correspondence that assigns a unique output value to each input value from a given set. In other words, a function maps elements from one set (the domain) to elements in another set (the range or codomain).

			Notation:

			Functions are typically denoted using the following notation:

			f: A → B

			where A is the domain (the set of input values), B is the codomain (the set of possible output values), and f is the function that maps elements from A to elements in B.

			For each element x in the domain A, the corresponding output value is denoted as f(x).

			Properties of Functions:

			Functions can have various properties, including:
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