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			Preface

			Life becomes complex because people don’t know how to simplify the complexity; simple is the beginning of wisdom. The same way is used to write and compile this book. You may find situations in life difficult, but you need a way to simplify those using principles and knowledge. Previous sentences tend towards the solutions of every issue in a properly streamlined way, which is considered as the central zest of our book “Java Data Structures & Algorithms.” 

			Programming is a tool that is used to solve various small as well as big issues; this is the origin of the book. I started working on this book with the simple idea of providing knowledge and a better understanding of data structures and algorithms to the readers. Then I gradually framed it from the basic level to the higher difficulty level so that a beginner, as well as an expert, can get benefit from the book. 

			

			The main intention of writing this book has been my keen desire for a proper solution of data structures and algorithm problems, with the use of Java language. It is a prevalent language, and in today’s time, most of the programming is done using Java, but still, very few people know the roots of it and correct usage of the concept. I got the idea to write the book while the above thoughts surrounded my mind.

			The primary motivation for completing this book has been the thought of make readers know what others don’t know and make them better than others in the market. This book will benefit you for a long time because it provides the best of what one can think of. 

			I got acknowledged with many problems while writing the book since it is hard to find a simple way of learning for every topic. But my perseverance kept me going with the book and finally ended up with this book. I assure you the proficiency over the issues in the book if you work with it with complete devotion. 

			I wish my efforts put the readers at a better place after reading the book. This book will take your knowledge to another level. The book will serve as a ladder for you to become extraordinary with data structures and algorithms. 
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			Chapter 

			1	Introduction to Data Structures and Algorithm

			1.1	Introduction

			Simply put, Data Structures are the organized forms of data, whereas algorithms are a collection of various steps that helps in solving a particular problem. Both of them are essential and basic concepts in computer science. Consider it networking, operating systems, architecture, game, or other visual applications, etc.; you will see the use of various data structures and algorithms taking part in them. They are so rooted that some say, a program is nothing but the combination of algorithms and data structures that we execute to get results. 

			Java is the right choice of implementing data structures and Algorithms, as it is still a widely used language, and portability and security of the execution environment still stand the test of time to this age.

			In this Chapter, We will start from primitive data storing objects --- variables and then build upon that to discuss data structures. In the starting sections we discuss Data Structures. And then, we discuss Algorithms, where we start Analysis to algorithms, and then we will be discussing the theorem used for the analysis of various algorithms, making it easier to understand. And also, about what to do when appropriate conditions for applying that theorem is not met, and we conclude this chapter by discussing situations when another underlying assumption goes wrong.

			1.2	Variables

			What’s a computer when you can’t operate on data? Many times while programming, you will be not only needed to work on data and produce the result right away but to save the data so that it can be accessed in the future. At that time, variables are needed. Variables are named locations in memory that one can store and access data.

			Think of variables as a Black box where you put in some data and take it whenever you require it.  Before discussing further variables, let’s talk about some terminology about them.

			We use the term “Identifier” to reference variables in computer language, and the data stored in it is termed as its value. The memory location of the variables is termed as “Address.” Let’s see how they are associated with “Data Type.”

			1.2.1	Definition

			“Variables are storage locations in memory, which are paired with an identifier and associated with a value.”

			Variables are also said to have a scope, i.e., the visibility of that particular variable within the program. Based on the scope, there are broadly two types of variables, Global Variables, and local variables. Global Variables are those which are visible in the entire program, and local variables are restricted towards a specific block (if you remember a block is the space between the starting and ending curly brace). 

			

			There are specific rules one needs to follow in naming a variable. Here are they: 

			1.	Do not call your variable as any of the keywords.

			2.	The name of the variable cannot start with a number.

			3.	Do not use spaces between words while naming the variable.

			We can see that the first rule can be easily bypassed as Java is a case sensitive language if you want your identifier to resemble a keyword, you can simply change the case of any letter in it. For example, “short” is a keyword in Java, if you name your variable “short.” The compiler gives an error. But if you name it “Short,” it’s perfectly fine!

			The workaround of the 3rd rule is by including underscores between your words. In case you want to name a variable “starting node,” you can name it, “starting_node.”

			While the above rules are necessary for syntactical accuracy for a variable, some practices are recommended to be followed for functional programs. Like

			1.	Always choose a name for the variable which can showcase the purpose of it. 

			2.	Provide necessary comments besides the variable so that other people who read your program can understand it.

			3.	Initialize the variable to a certain value.

			Even though it is perfectly fine to violate these rules, like naming your variable “a” instead of “sum” or just leaving without initializing. They may result in confusion or abnormal behavior of programs. 

			Take an example, assume that you are calculating the sum of all elements stored in an array and want to store its sum in a variable called “x,” and you haven’t initialized the variable. If you write the correct logical code for the program and try to execute it, you will get different results than the expected ones. This happens as you hadn’t initialized the variable and thus automatically a garbage value (which is likely the value present at the location before allocation) gets assigned, and all your elements are added to that garbage value instead of zero! (Note that this situation can also be evaded by having a different type of variable)

			

			For using variables in your program, you will need to do something called a declaration. The declaration is the process of giving necessary information for a variable to be created. As of the information provided above, you may expect that the necessary and sufficient information for declaring a variable is a name (identifier) and its value and its address. Generally, the address is assigned by the compiler, so you are expected to give its name and value. But not so fast! 

			As we are using a variable for storing data which can be of different types, we cannot expect one single method of storage for all kinds of data, i.e., character requires a different amount of storage than float (decimal kind). These say that another parameter is required to define the variable – the Data Type. Let’s see what it is.

			1.3	Data Type

			Data can be of many types, like numbers, images, sound, etc. But digital computer operates only in binary bits. Those bits are used to showcase numbers, but in numbers, we have integral and fractional numbers. By hand, we can easily distinguish between them by using decimal points, like “26.13” for representing fractional numbers. But what about a computer? Computer Architecture deals with the issue, and finally, they are designated as float numbers and require a storage space greater than whole numbers (which are called integers). 

			For representing character data, the American National Standards Institute had developed a system called ASCII to represent every character with an 8-bit number. But as Java is intended to be portable language, it uses Unicode character, which requires 16 bits to accommodate characters of other languages. So in the sense of computer, characters are also numbers but with differing interpretations. Like this, different methods of storing information are proposed, and each has its own way, they are to be separated from others. So by this, we can conclude that for declaring a variable, we need not only identifier and value, but also the kind of data it stores should be known. This is known as its Data Type.

			The different data types supported in Java are given below:

			[image: data-types-in-java]

			Table 1.1 Data types supported by Java

			So for declaring a variable, the information required, which is the data type, name, and value are given as follows:

			Datatype variable name; (without initialization)

			Datatype variable name = value; (with initialization)

			This form is referred to as the syntax for declaration, and it must be followed strictly.

			Based on this, Java is classified as strongly typed language, as it strictly requires data type to be specified in its declaration. But languages like Perl have loosely typed language because they allow programmers to declare without explicitly stating the type of the variable.

			1.4	Data Structures

			The Data types provided earlier enable us to save data of their own type. If you rightly observe, character, integer, short, float are an all different collection of bits, with a different interpretation. We can generalize this notion into something called Data Structures, which are a powerful way of organizing our data and fit into various situations where storing the data, just like the types above, is not efficient.

			By building upon the previous ones, we can establish something superior in both storing and accessing of data. Here for data types like int, char, float, etc., we can see that they are built upon bits, but they differ from how many bits they consist and what they do with them. i.e., organization of bits and methods employed for retrieval of information and modification. So we can define data structures as follows.

			1.4.1	Definition 

			“Data Structures are organized forms of data objects with defined methods for accessing and modification of them.”

			Mathematically, Data Structure could be seen as a triplet of D, F & A,

			Where,

			D is the Domain of the data or the data object

			F refers to the set of functions which is used to apply data objects

			A is the set of axioms that help us to define and implement the functions.

			As per the problem, area of execution, different data structures are used. Of them, some data structures are used more frequently, and with whose help, one can construct almost all other known data structures. These structures are called fundamental or classic data structures. They include stacks, queues, trees, etc. 

			Classic Data Structures are divided into linear and non-linear data structures. Linear data structures include those who had a sequence or linear ordering such as arrays, stacks, queues, linked lists, etc. while in non-linear data structures such as trees, graphs, heaps, etc., the elements are present across a plane.

			While the right choice of Data Structure can improve the performance of the program, a wrong choice of Data structure can also drastically decrease the performance.

			1.4.2	Abstract Data Types

			As per the definition, data structures need what data objects they use and what operations we can do on them. Abstract Data Type is a way of specification we use to describe data structures. 

			But, the vital point to be said about abstract data types is that they hide implementation details of the functions. They describe only “what” must be done, the “how,” which is done by the people who implement it, programmers. In short, Abstract Data Types “abstract away” the implementation details and show only the design part of the data type. 

			For example, the Stack ADT contains an explanation of the LIFO principle and that it requires push(), pop(), peek() operations and describes them. The details of how actually the function achieves its task and thus, how to stack could be implemented, is up to the programmer.

			So to describe the Abstract Datatypes of the data structure you need, you first need to explain the principle, i.e., the way data is stored, and then you describe the operations that could be done on them.

			1.5	Algorithm

			In writing a complete program, we should know what information we give to the program, and what to do with the data so that we complete a specific task. Surely many operations can be executed on data structures as specified by their ADTs, but only a particular sequence of them could produce accurate results as per the requirement of the programmer. We refer to those sequences as algorithms; they found an important place in many areas of computer science.

			1.5.1	Definition 

			“Algorithms are a finite sequence of steps that, if followed, help to solve a particular problem.”

			 In addition to that, Algorithms are required to satisfy the following conditions:

			1.	Input: Zero or more inputs must be given externally.

			2.	Output: One should get one output, at least from it.

			3.	Finiteness: The algorithm should be able to execute in a finite number of steps.

			

			4.	Definiteness: The procedure should be clear and unambiguous.

			5.	Effectiveness: the steps in the algorithm must be such that it is feasible with a reasonable amount of resources.

			Developing Algorithms is a crucial phase while writing a program as it helps in streamlining the development and estimating the resources required to execute the program before even implementing it. This process of estimation is called Analysis of Algorithms.

			1.5.2	Why it’s Necessary to Analyze an Algorithm?

			We know that doing work requires some resources. Even though a given algorithm guarantees that the task is accomplished finally, it will not be used if it requires an unreasonably large amount of resources like 100 gigabytes of memory or some years. If you recall, we had already specified by the effectiveness condition of algorithms. 

			We quantitatively analyze the resources required to get a better idea about the time required, memory usage, etc. needed by the algorithm under consideration.

			1.5.3	What is the Primary Purpose of Analyzing an Algorithm

			Many algorithms could be formulated to solve the same problem. You may get confused as sometimes simple-looking algorithms take a lot of time, but algorithms that look complex are the ones that actually take less time. This is where proper analysis of algorithms will help as they help to identify quantitatively, which algorithm will consume fewer resources, thus helping us to choose better alternatives among different algorithms.

			So the primary goal of the analysis of Algorithms is to provide us with information to choose which algorithm to implement and an estimate of hardware resources required to run it. It could also suggest improvements to the current working algorithm.

			1.5.4	What is Running Time Analysis 

			In running time analysis, we measure how much is taken by the program to execute the algorithm. In most of the cases, we don’t do running time analysis on the single input size, but vary it and see how running time changes with the change in the input size.

			Running time analysis is crucial because some algorithm, which requires little memory to execute, need years to complete the task. Admittedly there might be algorithms that might need a lot of memory, but spending a lot of memory is significantly easier than spending a lot of time on a single task. 

			Based on their complexity, we classify algorithms as tractable and intractable, where tractable refers to those algorithms which can be implemented and executed practically while intractable algorithms might be theoretically correct ones, but not practically implementable.

			1.5.5	How to Compare Different Algorithms?

			How do you compare two instances of an entity? Well, you take some parameter(s) as a base to compare upon, and then you use the value of those parameter(s) for comparison. Same we could do with algorithms. From the previous discussions, we could already see that running time and memory required are some of the parameters of algorithms. We could also extract some parameters for algorithms from their definitions, as being input size and result given as output. 

			We have learned that it’s important to measure the running time of a program. But for the reasons discussed in later sections, extracting unique running time is both hard and unnecessary. Instead of that, we will try to establish a relationship between the parameters themselves and see if we could use the relationship for comparison. We could see that running times are not absolute, but we can see that they depend upon input size. Increase the input size; you could rise in the running time. Even though we cannot precisely measure the running time, a measure of how running times change concerning the change in input size can establish the basis of comparison we need.

			Before actually dealing with the relationship between running time and input size, let’s consider in general what rate of growth is and what functions are generally used to measure it.

			1.6	Define Rate of Growth

			The rate of growth shows the fractional growth of the function with respect to the growth of its input. Knowing the rate of growth helps one to establish a relation between input and the value of the function, which can further be utilized to compare two functions. The rate of growth can be known by calculating the slope of the curve.

			Here in this context, we want to know the rate of growth of the running time of algorithms so that we can have an idea of how the algorithm would behave if several inputs are given. 

			1.6.1	Commonly used Rate of Growths

			Below are commonly used rate of growths to measure the rate of growth in Algorithms:

			Exponential Rate of Growth

			Functions of the form f(x) = ax are called exponential functions, and the rate of growth associated with them is the exponential growth.

			Exponential growth is the greatest of polynomial and logarithmic growths.

			The following graph shows exponential growth versus linear and cubic growths.

			[image: 800px-Exponential.svg.png]

			Graph 1.1 Exponential growths versus linear and cubic growths

			

			Here, we can see the exponential function in green, cubic function in blue, and 

			Logarithmic Rate of Growth

			Functions of the form f(x) = 〖log〗a (x) are called logarithmic functions, and the rate of growth associated with them is the logarithmic growth.

			Logarithms are actually the inverses of exponentials as a log〗 a (x) = x. It is less than greater than. 

			The following graph shows the logarithmic growth.

			[image: 800px-Log.svg.png]

			Graph 1.2 Logarithmic growth

			Polynomial Rate of Growth

			The polynomial rate of growth is the smallest of the above. It is a function, denoted by f(x) = a0… (Where a is not equal to zero) and n is called the degree of the polynomial.

			The linear and cubic functions are already shown in graph 1.1.

			1.7	Various Types of Analysis 

			A straightforward method for analysis of algorithms is to actually implement the algorithm and measure the running time/other parameters experimentally. The difficulties in measuring them using an experimental method is that exact running times depend on various issues like how the algorithm is implemented, the computer that is running the program, availability of the processor, etc. It makes it a difficult task to reach a unique value, and the other being, we must implement the algorithm to know about it, and thus, to be able to compare while there exist methods that allow us to come to a reasonably good conclusion about algorithms without actually implementing it.

			To overcome this, another kind of analysis called asymptotic analysis is formulated. It is based on the concept of knowing the details to understand how it behaves as compared to other algorithms so that some details can be omitted and described with respect to other functions whose growth rates are known. 

			Here, we count the primitive operations that are contained in the algorithm, and after it is complete, we express the now obtained function (Generally of the size of the input) in terms of other known functions in a way so that we know the rates of growth proportionally rather than exactly.

			1.7.1	Asymptotic Notation

			Even we have measured rates of growth in one of the functions mentioned above, there is still some detail left that we would not need like constant factors. As we here require only to get a “big picture” view of the algorithm so that we could compare it with others, we can avoid using constant factors to make it more simple.

			These notations establish relative order among the functions so that the rate of growth of the targeted function can be obtained with respect to other functions. Then this function will become the general function, used to measure the rate of growth like exponential, logarithmic, polynomial, etc.

			There are three kinds of asymptotic notations, being Big-Oh notation, Omega notation, and theta notation, each denoting worst, average and best cases of an algorithm.

			Big-Oh Notation

			Consider two positive constants c and .We say a function f(x) is O(g(x)) if it satisfies the relation f(x) <= cg(x) when x>n0.

			In terms of algorithms, Big-Oh notation is used to denote the worst case of it. In this case, the memory and time utilization is the highest.

			Omega Notation

			Consider two positive constants c and . We say a function f(x) is Ω(g(x)) if it satisfies the relation f(x) >= cg(x) when x> n0. It’s the inverse of Big-oh relation.

			In terms of algorithms, Omega notation is used to denote the best case of it. This means that in this case, the memory and time utilization is minimal.

			Theta Notation

			Consider three positive constants c', 〖c〗'' and 〖n〗0. We say a function f(x) is θ(g(x)) if it satisfies the relations c' g(x) <= c〗'' f(x) <= g(x) when x> n〗0.

			In terms of algorithms, θ notation is used to denote the worst case of it. This means that in this case, the memory and time utilization is the highest.

			1.7.2	Important Notes

			•	All three asymptotic notations measure relative rates of growth between functions.

			•	Asymptotic notations only provide a “big picture view” and do not contain tiny details.

			•	Big-Oh used for worst-case; Omega is used for the best case and theta for the average case.

			•	Big-Oh notation is used the most as it details about the worst case, and one needs to ensure that algorithms work best under worst cases.

			•	There also exist other notations like called the distant relatives of Big-Oh, like small-oh, which will be extended to small-omega, etc. but it is better to use Big-Oh.

			1.7.3	Why is it called Asymptotic Notation?

			The term asymptote indicates a curve touching another curve at infinity. Recall that while considering running time for algorithms, we wanted to eliminate the constant factors so that the function gets simpler. From there we jumped to Big-Oh, omega and theta notations so that we could demonstrate how we can 

			Consider the input size is reaching infinity, then the constant factor becomes negligible, which means we could eliminate it. In the case of a polynomial function, the lower degree terms also could be eliminated. We are left with a kind of proportionality relation rather than equality relation, which will be expressed by asymptotic notations.

			1.7.4	Guidelines for Asymptotic Notations

			Until now, we had discussed asymptotic notations, but not specifically about how to implement them to analyze algorithms. With the information given above, one can conduct a correct analysis of rates of growth of algorithms by first examining the primitive operations and then using the definitions of the above notations to get the result. But, just as variables had syntactic rules and also best practices that are not strictly necessary but ensures the best results, the asymptotic analysis also has some best practices that help you obtain better results.

			Consider, for example, the primitive operations for a given input size of n for your algorithm is 5 n3 +10n2 +10. We could write it is O(n +10. We could write it is O(3). Is it not correct to determine that this function is also O(n5)? Or say, O(n9)?. While it is right to say that all these are correct, we only state the function that is closer to the original function to get a decent estimation of its rate of increase. It’s like saying “Surely less than a 1000km from here” to a hungry traveler if he asks where he can find some food. Strictly speaking, the answer is correct, but if food is available within 2km from that point, it is better to say the latter than the formal.

			Another critical point to observe is about constants. We have been assuming that constants become negligible as we take the size of inputs towards infinity. But what if the constant is something of the likes of 1000000? Consider two functions n3 and 10000000 n2. The asymptotic analysis may say that the latter is faster than the former. But, we can see that opposite would be the case for initial inputs. In this case, we also need to take constants into account while considering better algorithms.

			

			1.8	Properties for Notations

			Identifying the properties of notations will help to manipulate different relations between terms of notations easily. 

			Let d(n),e(n),f(n) and g(n) be functions mapping non-negative integers to non-negative real numbers. Then,

			1.	If d(n) is O(f(n)), the nad(n) is O(f(n)), for any constant a>0.

			2.	If d(n) is O(f(n)) and e(n) is O(g(n)), then d(n)+e(n) is O(f(n)+g(n)).

			3.	If d(n) is O(f(n)) and f(n) is O(g(n)), then d(n) is O(g(n)).

			4.	If f(n) is a polynomial of degree d, then f(n) is O(nd).

			5.	nx	is O(an) for any fixed x>0 and a>1.

			6.	Log nx is O(log n) for any fixed x>0.

			7.	〖log〗x (n) is O(ny) for any fixed constants x>0 and y>0.

			   To see how these properties help, let’s consider an example.

			   Example: Prove that 2n3+4n2 logn is O(n logn is O( 3)

			   Sol: from rule 8: log n is O(n)

			   From rule 3: 4n2 logn is O(4n3)

			   From rule 2: 2n2+4n2 logn is O(2n3 + 4n3)

			   From rule 1: 2n3 + 4n3 is O(n3)

			   From rule 4: 2n3+4n2 logn is O(n3)

			1.9	Commonly Used Logarithms and Summations

			Here are some of the commonly used laws of logarithms and summations that may be helpful for the analysis of algorithms.

			1.9.1	Logarithms

			1.	log(xy) = log(x) + log(y)

			2.	log(x/y) = log(x) – log(y)

			3.	log(xm) = m log(x)

			4.	log(1) = 0

			

			1.9.2	Summations

			1.	∑ n = [image: ] 

			2.	∑ n2 = [image: ]

			3.	S = [image: ]

			4.	[image: ]

			5.	[image: ] (Sum of n terms in arithmetic progression)

			6.	[image: ] (Sum of n terms in arithmetic progression)

			7.	[image: ]...

			1.10	Master Theorem for Divide and Conquer

			Divide and conquer is a general class of algorithms that are used to solve a problem by dividing it into several smaller sub-problems. Usually, those sub-problems are similar to the original problem, so one can recursively sub-divide the problems till reaching to a problem that can be solved easily. Algorithms like these are stated as recursive, and there exists a theorem, used directly to obtain the final result without doing the analysis. It is called the master theorem, obtained by the recurrence tree method.

			Master theorem states that, If there is a function T that can be expressed in the form T(n) = aT(n/b) + f(n) where a >= 1 and b > 1, then depending on the relation between f(n), a and b, the result is:

			Case 1:

			If f(n) = Θ(nc) where c < 〖log〗b (a)  then T(n) = Θ(n(〖log〗_b (a)) 

			Case 2: 
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